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This exam has 16 questions for a total of 150 points. There are 6 partial credit questions.
In order to obtain full credit for partial credit problems, all work must be shown.
Credit will not be given for an answer not supported by work.
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1. (5 points) The autonomous equation y' = y? — y — 2 has the following equilibrium
solutions:

(a) unstable y = 2 and asymptotically stable y = 1; (cJ Sy (Y )
(b) asymptotically stable y = 2 and unstable y = —1; 9=, -

(c) semistable y = 2 and asymptotically stable y = —

v (d) unstable y = 2 and asymptotically stable y = — X J /
—.—,

2. (5 points) On which of the following intervals is the unique solution of the initial value
problem

(int)y -y ==, y(3) =5
certain to exist?
a) (2, 7 I e e Bl
(b) (1, 2);
(c) (2, o0); —> % X ‘37' — X
@ (0, 7). o Lo -
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3. (5 points) Which of the following statements best describes the behavior of a nonzero
solution to

y" — 2y +2y = 07 rar+r e
T/ F-
o > &£ = 11 ¢
(a) unbounded oscillations; g
(b) bounded periodic oscillations;
(c) bounded non-periodic oscillations;
(d) lim y(t) =0.
4. (5 points) Find a suitable form of a particular solution to
y' — 3y — 4y = 3e" +t — 8e~ ' cost
R
with constants A, B,C, D, and E. V- 3v-y =0 (r=«)(r+1)=o0
(a) Ae* + Bt + Ce™'cost; cEY,
4t 9,2 e ¢ ~€
(b) Ae™ + Bt+C + De tcost + Ee 'sint, 1T € , %€
v (c) Ate" + Bt + C + De'cost + Fe 'sint; r - vt
. Ate + gerc + D¢t
(d) Ate" + Bt+ C + Dte™cost + Ete 'sint;. & ¢
- Cer
<¢
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5. (5 points) What is the Laplace transform of

f(t) = ua(t)e™?

fq;k’c)ea(f*}”é

6. (5 points) Consider the function

f@) =12 +u; (£) (2t — 1) + ua(t)(26).

What is f(2)? &+ (k1)
(a) 3
(b) 4
o) T
(d) 7426
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7. (5 points) Find the system which is equivalent to the second order linear differential
equation
tu” + (sint)u’ — 5u = %,
/

Ky=u, Xz W =K

I, =22 / _
a X;" = Xa
(a) zh = —(sint)z, + 5zg + t2. ! :
/ w_ At Ry
' ’(z""\"—t—ul—#—fut—t
I, =T t

xh = 5z, — (sint)zq + 2.

{
{
{ﬁ:m
{

1 _ 5 __ sint .
Ty = 3Ty — -T2+t

zh= -y + 3+t

8. (5 points) Let A be a real 2x2 matrix which has an eigenvalue —1+21 and corresponding

. 1 . . .
eigenvector 9 32')' Find the gencral solution of the system @’ = Ax with constants

¢ and c,. - (+2: )¢ [ 3
. ZSQE ( Z‘;\—
(a) cre~ cos 2t 4 eret sin 2t )
! 3cos 2t + 2sin 2t 2 3sin2t — 2cos 2t )’ ¢ ( 5
€ ((”Ltf‘\””\z"k((lj“(-&

¢ [ cos2t 2 0 )
(b) cre (2 cos 2t) + Co€ (—BSin 2t)’
Ac) ¢e ( cos 21 ) + coe™ (

2cos 2t + 3sin 2t
. 4 C ~€ ( [~ o ) \ {
(d) cle—2t ( cost ) + C26_2t ( sint ) € tt (_5 + 2 1€ ( L)

sin 2t >; ) @\t(% w (L) - Al (1))

2sin 2t — 3cos 2t

2cost 4+ 3sint 2sint — 3cost
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9. (5 points) Let A be a real 2 x 2 matrix which has a repeated eigenvalue 3. Given that

((1)(2) e amsn(8)=(2)

find the general solution of the system z’ = Ax with constants ¢, and cs.

o (1) e ()
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10. (9 points) Find the solution of the following initial value problem :

1
ty' — 2y = 2t%*, y(1) = 562.

T
. ‘ - dt -
l\{‘bfm*(-f ‘{"nx/f\'v = QJ t = e Z&t _ é-l

= P
ch‘lt})/: 1 et
£y (2etde= e+ e
J= {zeu—+ ct <G
7‘,61?\3(‘>:el+c c=-3e"
T

Page 7 of 13



3
3
'3

MATH 250 Fall 2005 Final Exam

11. (15 points) Solve the initial value problem

v +2 +y=1+4e, y(0)=2, y(0)=-1

rl+ 2r+ (=0 | (r."\)’h.—/e/ Oz, I
(I) b,: €~t ) 3.7 te‘t 3 luw-_ezé
— '1 =
k.Uf) T/\«3 Y(t) = A+ bte ¢ : 2
v

/
Y fng 2(3{: e-t _ BfLC\t - (‘ @tl“f‘ ).B‘t) C‘t
Y= (28t +18) e = (e gape)e”

a—

(BE~¢8e +28) ™

(]

Y + LY'+ \(=<l5t1- (R + 18)6*4 2(- B¢+ zgk\c‘t + ArBtTe "
= 2Befup = 1dke”

A=\ 1h=%  B=2

Yoy =14 2¢%™"

_ r / -¢
) Gend ot Yior= Cie 4 ctet v (4 267

foy - -t -t - -¢
&)= ~c e e - Gte T dte - agte™

b(o) = C‘+(Z-\~(:2‘ C .t Cy= |

o 2

3= ~c 4, = SRR Sl

2(, =0 CL:‘), C, = |

A"’\/) wi o -t . =t

BT e 4+ 2te L

SeAf vp
prtil . ppatid— NN Page 8 of 13
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12. (10 points) Find the Laplace transform of

f(2) = € + uq(t)cost +un(t)(t* - 2).
ot = cy{&-v)«Lr) = CJ/‘D&‘T> CoT - Aé«(ﬁ-w)mf
= - m({—n)
Jcl- PR ({—2,)7' + 4t -4 = ({"L)-L-\— ¢(EL-2H)+ 2
e

T i) = Lf € = Ugtt) e (£-7) + uzm((ewh ¢(e-L>+z)}
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13. (15 points) Find the inverse Laplace transform of

_533—432+33—1

Fls) = (s2—s)(s2+1)
S‘Al—‘mﬂ, 34 -\ g i+i + Ca+D >
Gty A T
v w4 3a-1= Ald-N(aF D)+ B (a0 + (Cat D) (0-1)
&Xo:@f —(:“A, A:(
6= | Y = E‘l \B:_;:
et ffs o} -
9= —scau+si-t = 3-20 = (€oeD) (-0 -0) 9
TE-DYvi(-¢-D)
C-D=3 R -
FCtD=t2 z, v
(cmvau. coc s of & = AR+ C c=§-1-2- %
+ ‘
4 ¢ =CA-CHD D--K+A+c:~¢+l+§:~;'
=\ . 3 iy 2
£ {_\. - TA L 3¢
A Tt Y =l *se +;c‘at-§,¢mt 4
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14. (20 points) A system with a mass of 1kg at the end of a spring with spring constant
13N/m is immersed in a medium with damping constant 6/Ns/m. The mass starts at
the equilibrium position with an upward velocity 1m/s.

(a) (5 points) Suppose that an external force of 3NN is applied to the system from t = 2s
to t = 5s and is then removed. Give the differential equation with initial conditions

for this motion by using the step function u.(t). Do NOT solve this differential
equation.

‘“:“ k:(B’X:G. 3

9" Ly 41392 3R - U ®) Y=o, Yroy= -

(b) (15 points) Suppose an impulsive external force §(f — 2) ‘s applied to the system.
Find the position of the mass at any time t using Laplace transforms. No credit
will be given for any other methods.

Ye by'r i3y = St-Y) ) Yoy=c, 4oy - 1 3
L{yy=Yw Ly = a6 L1y = 4V +1

-0

,41 \((o)+\ + éaY(a) + 13\((0) T e

(/J\-L Lat3)Ye) = e Tl | _(

24 { \

— e e

Y(O)*— e‘
A 4 (ot (3 O 4o+ 13

-\

\ _ -\ { _ —|_ '%t _
i{.o1'4f6/"‘(3\ - i{(/‘)+5)1+‘{_ﬁ = 3 € At 3 1
s - {__ _ -~
Y)= U, )T € 4 z),am 2(E-2) — ‘i e 5txj,;h Lt
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15. (15 points)

-

1

=

'S',(w_ F\(:ﬁ\=—(:ﬁ\ e (A*’I\(t:,\;(j) i (‘LL)(::X

(a) (8 points) Find the general solution of the system:

IL'Il:.’E _l/: 0 i )?)
{m'2=2:251+a:2 ' X (z l> 4

A:(‘;\‘> ' _3:‘-—r‘ { \

ok werdoss of A e prlo od A= AT (A )71,

= e (imr)-2 = roroan

_ = (r' L)LH»‘)
hé,zﬂuv&«,, ave U, -1

M&WU‘L-&Y“AFM{. - -\ Vi\=/ ¢

N I T A TS M A G (RO R,
R V'R I U AV p;,—,z:(:
)—'L\Wr/&.—c{,: {(i;):l}'.(i)?‘f, [vv(/} heeo o b«\A—m(L)

l:k—fk a bae—s 1*—'»{/\9%,.«4()“)(,

\l

G -
(.;) v, tv -

’

S Ggerpee = (B Y v el b been ()
Tt (6N D ety (B

2 ¢

Goll 4AL X = C'(é;BJ’(‘Li:), €, (L comsdo.

r

(b) (2 points) Discuss the type and the stability of the critical point ¢ = (8)

Type = acddle pt wnsbfl

(c) (5 points) Sketch the phase portrait of the given system. Clearly indicate the
behavior of the solutions as t — o0o.

e
“L'\;, - X }( = 2X -~ -
(,-c"'o't‘/o T ’ 1C.>o"c~._7/‘3 2 Ky = ZX/ Z» : XL: —xl
\\ /ﬁ; | (
) \ > xl
Cl)f Page 12 of 13
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16. (21 points) Classify the type of the critical point at the origin, its stability and choose
a phase portrait (given on the next page) of the system &' = Az, where the matrix
A has the following eigenvalues 7y, 7.

PHASE
EIGENVALUES TYPE STABILITY PORTRAIT

ry=re=-—1 P/‘vc-r(n. M?"T' Oh,@@ C(

(a) | with two linearly 1
. . nvdae
independent eigenvectors;
(b) | r1 = —2,7 =3; & vt -l A
. pt—

() [m=2,r2=4 << wnat -y C

(d) | = 2¢,r0 = —23; C et 2 hkle F

(€) [ =~1r=-5 avhe G bl B

o le

n=T2= 2 ‘M,’MT,{"' LVM"—AM/ E
(f) | with only one linearly
independent eigenvector; na-d e

(g) [m=1+4re=1-14 A,)Fn,Q VIO Ny 1
pt

Types of the critical point are: saddle point, node, center, spiral point, proper node, and
improper node.

A critical point may be: stable, asymptotically stable, or unstable.
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(C)

(B)

(J)

(I)



Chapter 6. The Laplace Transform

TABLE 62.1 Elementary Laplace Transforms

fuy=L7[F(s) F(s)= LIS () Notes
1.1 -]- §>0 Sec.6.1; Ex. 4
s
2. ¢ l . s>a Sec. 6.1 Ex. 5
s—a
1
3.1™  n = positive integer :+l s>0 Sec. 6.1; Prob. 27
4.17 p> -1 F(p+1) 0 Sec. 6.1; Prob. 27
s
5.sinar 5 2 5 s>0 Sec. 6.1, Ex. 6
s +a
6. cos ar 3 s 3 s>0 Sec. 6.1; Prob. 6
s“+a
7. sinhar a 3 s > lal Sec. 6.1; Prob. 8§
s —a
8. coshar 2 5 3+ s > lal Sec. 6.1; Prob. 7
s*—a
L] b
9. ¢ sinbt — " s>a Sec. 6.1; Prob. 13
(s—a)y+b
ar s—a
10. e” cos br 3. s>a Sec. 6.1; Prob. 14
(s—-a)+b
]
11.1"e" . n = positive integer = - s>a Sec. 6.1; Prob. 18
(s—a)"
e~c
12.u (1) T s>0 Sec. 6.3
13.u ) fu—c) e~ F(s) Sec. 6.3
14. ¢ £ (1) F(s - ¢c) Sec. 6.3
1
15. f(er) -F(f). ¢>0 Sec. 6.3; Prob. 19
¢ \c
!
16. [ £ - Dgryd F(5)G(s) Sec. 6.6
17.8(1 = ¢) e " Sec. 6.5
18. ") ()= 5" f(0)~ .-~ f"N(0) Sec.6.2
19. (=1)" f(1) F")(s) Sec. 6.2; Prob. 28




