B, THE RADOP-NIKODYM PROPERTY

INTRODUCTION.

A B&m h apam X is a&i@. %o hafve the Radon-N iko@m

; Pr x (HK\IP) provideé for evary a;;rmmlgebm 2} for ;

avery p' in ’uad(E), and for ;&very; v in w(x,xm), ;
k w hes a B@cmer ixitegmme derivative w:i,th regpect to

 For exauple, we alresdy kuow fram 7.3.5. that every

reflexive space hes the RNP. From 7.1.2, C[0,1] does not
have 'ﬂm KM’* Seatim Be 2 givea theae smd obher axamplm

of S:mcaﬁ with and ﬁthm* tm RNP. ﬂecmm 6.3 is rievamﬁ.

to 8 geama‘i‘rm chmamamwmm of sphces 'es‘i‘th the Rma

‘J”hia goction i L de%@m& 't;a wwlrw

which reduce the ;requiremmm for the RNP. Ve ;ataz'i; by

| formulizing the pmﬁf of "7?.3,,)4»;

THEOREM. If X is a Bansch space, then X hes the RNP

ir ané, mmly ii’ Lor :evew ﬁ-;ggabm ¥y for every u;' in

. kca \z), ané x‘m' av&m v in bv(E,,)L,,u} with bounaﬁd avemﬁm

‘ gﬂ@gg (P h&& 8 B@chmr int%rable derivaﬁiv& with respect
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8.1.h,

B = e hw) Sul, andlet v (E)= wWENE). Ten

duded

- @g/ —

PROOF. Buppose the condition helds and let v be any
i i LS

member of bv(f,X,u). By the Redon-Nikodym Theorem
3.9, ), choose h 30 i 1 (u)  such that

vl(E) - fnﬁ;,, (2€ ). Foremch n= 1,2... let

: ﬁ:%(E}u’g j mf mﬁm)& 80 v h&w bounded average

. n
rangs. For each n fchmis,e, g, m‘nch that ,vn{m =
Jf g“m (B ex). Eﬁ%atmt E }*P and we *mmyaswm@

thm; men= @n =g on B. H&ucev &{w )= Tim gww; exisém fc:m all

| ’n:m ﬁle&rm g is mrmgly m&mrubm, : Mﬁ&, %3? the ﬂma'?;@m

convergence theoren j lle s = lmj ;m @ Iim §ég.§§{},} -

éﬁ bdy = ihﬁé& e {0} <o
'I‘hmm 8 ig Bochner integreble. By countable séditivity,

,‘fww E in T

u(m)% 1im v , (B) = m le s Lim [ gdpe [glp.
Aok E{%ﬁ ‘E

We use the notation bv, "(ﬂ,x,:g;) for the spece

of a1l v in byL,X,u) with bounded average renge.

I.M&A If € ca' (L} i& Pm’&ly &tam:ic:ﬂ then for any

' :E%amch @p@ce X, every v in bv(ﬁw}tm} ‘hag & Boehner .

integreble ;&wwmm.w »wﬁft;h mgpem‘ﬁ;‘ te  pe
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- PROGOF. Let Qe U, A wbers each A is an stom of

i
we Define g ‘oy

o .
(A )

g e Ié;l ‘ ;L"(.A‘I;ME | ‘x\Aﬂ ‘ ¥

5
s s s T

Then g is in L (p,X] an

Eﬁfﬂ = wA)

3

=
TEAS
2

8.1.5. LEMMA. A Banach space X has the RNP Aif and coly if

8.1.6. THEORE

| for svery countably genersted o-algebra I, every i in

ca (L), end every v in m@{‘g,xﬁ}, v has ﬁfﬂmcﬁmeér

integrable derivetive with respect to p.

PROOF. This follows from 7.5.82.

f, Let M demvte the o-algebra of Borel giasets

of [0,1], end let = denobe Lebesque measure on M. Then

& Danach space X hes Lhe RNP if and omdy if every v in |

%(M,,.x,m} has a Bochner m‘t%mhm‘ darivative wiih respect

TROOF, Assume the condition holds, et T be & tounbebly

generated o-slgsbra, let u be in ca’ (), and let
v be in M:&ﬁ,%,p} et () be expressed &8 & dlgioint
union of A,B &L &s in 2.2.8 (i.e., A is ossentislly the.

vaion of all stums of p), leb Uy (E) = w(F N14), w (B _—
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whers y c?(

simost everywhere.

—R2F—

‘ .@(@i%}}

DTS,

BoE,) ¥R,

E,) has its cbvious meaning, being defined
It follows from 7.1L.5 that

9% ?‘ﬁ' = “1 = 03,  Now f@z‘ W " E&QHWE&] am wow- gﬁlp«rg‘mz .

we have

n
Iy B2l oy 1 i
liZq W E@i 3“'1 “’”’(“’7 ’% 1

(F*}

, (f;, )
. w 2 i
""'" | ﬁg@ “’R % "’("&")' " %(E dW )

o=

ollz -2

Thue there

end it follows that

W) )

453 gpg(ﬁiﬁ - %(ﬁl}f ) {@‘%‘i) ﬁ@(ﬁgﬁ)

1
e T3
¥ ‘33. W’”"@ o,

'5%. h in '1}'(;& ;Ji) - such ﬁMt - “"h“l =0

J‘m% = vy(E), all E €. Cleaziy

we cen assume b 1s m@pw@aﬁ on ' B,
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Finslly, g+ b 18 in T5(g,X) and for all

E ,»l{iﬁ ?:@ ‘ : ' 0

{ ¢ bl e | 26 ‘3" hdy,
,ég“ig + hjdp ,;Eg% gﬁm@‘:

« w(E) + vy(E)

£ '@(E) s

e

8.1.7 COROLLARY. For & Banach gmea %, the foliowing three

stetements are equivalent.
(1) X hes the KE.

{2} pvery closed subspasce of X bhas the EEP.

3) Eﬂ?@g&{m gﬁp&m&ﬁl@ closed subspace of X has the [BP,

PROGE." (1) » (2) by 7.1.9, (2) = (3) clearly, and (5) = (1)

by 8.1.7 (or 8.1.6) since every v in by(M,X,m) takes iis

valuee iz & separable subspace of X.
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8.2, ‘CLASSICAL SPACES WITH % WITHOUT THE RNP

A Benech space X is seid o be a dual space if it s

igemorphic ¥ Y  Por scme Banach gpace y .

& Bapach apm@; 7" ﬁ;éi said to be weak}{ campectly

genemted {‘?&G) if and onuy iﬁ there is & weakly @mm&et
get K din X such th&*’ & is the @l@ﬁ&ﬁi Mxmw spen
of K. Cz.&wly avery rm“axiw: spme is Wmo Alpo

eny mpwahm &»p&:@@ is aa‘ﬁy&c’ﬁw gemmte@ (viz., if

{xn} is & ﬁexzae mqmem,@ in X consider the seb

We show %m«a, & WG ﬂmi IDRCe has tha REP, @aa )
f@mwﬁm fm&amm%l lemms i & sg@ﬂim @am.

i (Dunford and Pettis). A separable dusl space
X bas the BNP, |

PROCE . M;ame Y= end K is sepsreble. »m v be
in by (E,X,p;), where . is in ca *(g), end sssume v
hae bounded aversge renge. We& use 8.1.2. For every
finite L-pertition ma= {Elg I Jﬂm} of () let

v(Ei)

B
s 2. :
ba T WET B,




T

Tohen each g bekes ite range in the sverage

. ) . *
range of v vwhich is conditionally wesk compact. Hence

there is & subset {g 1] 1 of | {gﬂ} ﬁ such that ‘gggi' g
,p@inﬁvfige m’za&;% for some g wapping “3 into tm W@ak%
‘cmmm of the average reage of . F@r avery y in “E’ﬁ |
;;; c» v ig in ca{f,p) and h@m& tham emw ?zg :‘i.z»rz

1 (u) suck that |

&owms§$w, mes

Sizme § o v has bounded sverage ra%ee, hy is in o (gﬁ

by 7.1.4. I E is a8 defined in 7.1.6, tren
Ew‘(‘%i) = ga"{"fﬁ;? ( 5‘:-3 ) %,
B

‘ :;%;«w%!m- »
o [0 xma

By 7.1.6, E (h y o nyf in xaw(@.:,)# , and by the a’k@;&ice

of g we must bave ﬁogl w?@yj @ninwiae Hence

how¥oge In @artaicumr, P og i8 mwem&e for mmry

y

@ 5
B e Fue




w in ¥, Let ‘;Z)ﬁ% \z,e,m, ?% = “jf%,g wnd using

and ; choose ; sequence {y j in Y with

v bl = | x || such the: x%(zg)‘ = rim S?n(x) Por every

% d4n ., K  Then X0 g m%‘h@ g peintwise, and Bﬁém@
¥ © g 5 messursble. Thu g 17 weakly measumm@iw‘_
thus strongly mewméhfw by 6.2.5. SBince g .is bmﬁm
it ia Bochner integrable. Finally, if A isdn T

snd y 48 in Y, then

é&gaﬁ} (¥) = ‘fA ‘-;;; g dy = \fﬁydw w v(E)(yL |

COROLIARY (wbl). If ¥ isa _'gm@ such thet every

‘mpa.mble subspace @f ‘Eé‘ }&@ & me dual, th@m

‘E’ Ma'&‘.ﬁ@m

FROGF. Ve um 8.1. 7., Let Z bé a separeble closed -sub?w
space of T, say % 4s ine closure of (7, ). For

.each n, choose & sequencd m{n)} o1 4in the unit ball

of ¥ such that y_ € (néw i?}”ﬁ%ﬁ 1y -y i ¥,

< hhen

) - ) < s o) - @ (y‘ >> B0




8.2.9.

&%2;6; '

end this is small for m and n large. Let W dencbe
(n)

the closed linear gp&n of fy '3 wnos LB .edl)

Then by h,y‘vmmata% W is sep@ram.e;' By the sbove

: & _
- computetion, the restriction map RiZ -« W , where

S T ‘ , ;
RBly )=y | ¥, 4is an iscwetry. Hence by £.2.2 ené

Bt e EIWETY Breo $E W W i e aw'%
B8 SNDe Y Wede { BE&LI, L

s, e

Gogon onr” B ey
BREYEZ Sk Bere

®

E ?'5 N .
gm.&e?y . Z Eﬂ.&:

G‘ Sﬁ@m hﬁ@ amaﬂmee@ ‘hh&t the f:onmmm f“f‘“

- 8.2.3 holds. Thus Y h&@themifandﬂia svery

sepsrable ﬂuhgg&ce czf Y has a zaep&rable dusl, Strgall's

p:fm@x? is mﬁ yat availablaa

LA, If ¥ iaa@ﬁm@km _ga&ceand*%f v in

WG, then Y i3 @Egr&bl@,

PROCE. Let X bee mm compact subset of Y. Then

(K, weak) mix:,, week ). By  ,(Kwvesk ) is netrizaile,

@0 (K, veak) 18 & em@&et mm‘im space and lence mpa.mb.m@

THFOREM. If X 48 & WCO dual space, then X has the

‘ R | , »
PROOF. Lebt X = Y eawnd let ¥ bhe & separable subspsce of
Y. By 5..‘2,3 - we pesd only show W@ ie éeparable, Bub ; W*

is & guotient sgpace of X eand hence is WCG, &o ?hy 6.2;5,' W”‘”

is separable.




e i B e

8.2.7: COROLLARY {Phillips). GEvery refiexive gpace has jhe

RNE. PR : b

m'm Wie of c@ume ‘elready knew this by 7. 3.5, *I’he 8
i ,mgmﬁ is 3%‘5;@& here to gmph&&im theb i‘&s 1e covired

tey 8.2.6.
2.2.8. Imzzmy, For my ses 0, El’(ﬁ’ﬁ e te R

PROCF. e i i@ mm‘%abmg, then £ m ig & aapwwm.&

dual space (the dusl of ¢ emﬂ 80 i‘t has the

0lr
:Rz%‘P. In the general case we use 8.1.7. Let X be

& " . e ‘.A 1) R ) ‘m s '7...,.
& separable subspsce of £ () end leb (xj ., bves
nn=l

c’lmﬁa &@quﬁmm in X. Let @ c“i.@mfis@ the set of a?:;, m

in 0 for which x (o) f O for sme n. Then thw restriction
?m;g R: X = @3{@,}, given by B{z) JQQ,' i8 an LBCLetTY.

By &i@,‘ and the fact that @ is countable, X "as the

RNP. Agein by 8.1.7, £°(Q) hes the RNP. '

 8,2,9, REMARK. For uncountable Q, &) e e Gual agmé which

?;m.zs the RNP bub it is not W@G (Eem‘:@ the converse @f: 5 2.6 fails).
To see that g‘”(m is not WCG, suppose 1t 3a and :sm

K be & weakly compmt set in .@1 (0) with closed m;m,r |

span alljfof él"(ﬁ}a By 5.2.2 end the Iberlein-fSmulien




-3

~ fy;me@xzesx-m, K ig compact and henca ‘ﬁ@p@r@hm. This implies

”"’”g} is separable which is imposeibie If [ ig une

czmmta”zzm ,

THECREM. The spsce ¢ does pot have the KNP, Thus no

o
Bamcn space which containg & copy gg % has ﬂlﬁ L é’

RNP,

Let ¥ &@mﬁ;s@ the Mlg@bm m:’ Emml au’bmﬁ@ @i’

: tﬁa,lg ami .wn m amm;@ Lebesque masm on M. }“”cr;a* @wh

':2. " 3.:,2,«“, whﬁ@ﬁ@ n such *e;nm, «ﬁ: i < 2 l‘ E &m&. let
i g i~ gt i - e‘% 1 §
: 2 1 e ? i-ug ig; ‘
K fi,, - ‘ & . ﬁ

pefine w: M =, by (Wiﬂ))i w m{h n &, }; Then
is immmw additive and ﬁvm);;m < :m(A) forali L in M.

Henmce v m in WQM, ‘:},,.,,m,x,r

Sumsoae s [0,3] - ww is & derivative of + with

respest to m. For every 4 in N mﬁ; any i,

Mg% r{mi da(s) = (o(A)), = mlA 0 4)

80 th@m exism an menull set oy €N ﬁmﬁ "&:}mt ‘

(fﬁa})ﬁ - -m {(8) for all 5 € {0,121 \CV L8t u be in

[9,1] \1 Then Xﬂi{&} a 1 for infinitely meny %, "

80 Iim (f(ﬁ},& 4 0. This contradicts the sssuipbion thed
O . . ‘

£(s) 4s in c..




8.2.41.

ﬁ?&ﬂ'ﬁ:@%&i It | A & ca’ (%) is not purely atomic, then

k ‘Ll{}} does not heve the RWP. Thus no Baoech space

which contains & copy of L (k) has the RWP.

PROCF. Suppose A € c'(Z) is nob purely stomié,

and let \3 : £ =110 be @f::wm by (E) = %

Ther v is ‘finltely additive and {v(E )ﬂl = A(B), so

v dis in Ddbv (2,, ;1()&),&} ﬁupp@se 3 has & &@rivatiw

- g with respwﬁ: t6 ;\ Since v h&s boum&&

'.éwer&ge r-mge, g is in T7(%L l(k)) by ’%’ 1.k, ‘and

hence by 7.3.1, v has fu@mmammi compact raasgm Choost

{E je c T as in 2.2,12, Then for n 4 m

,nw(%) B "{Em}“:& - g =%l = MB 2E) 2 e,

R Yot | 3

go {v{Eﬁﬁ) ] E’;:l cannot have a cam@rgem &uhaéq,ueméﬁ &

coutradiction.




2 A GEOMETEIC CHARACTERIZATION OF SPACES WITH THE RNP

In 7-4.5 4t wes observed thet if v is in bv(L,X, )} end

if every *f)mmé&d'@ubset of AR( vﬁi}; Y i d,enta’z&ey then

v hes & dewwami\re in T *( MX,:@ ,Lt follows that if .k

is emgf E&mch spme such that every bounded subset is c‘@m’tﬁb&%
‘then X has the RNP. In this section we show that the c:nverse

; aé.?.m holds.

ﬁiﬁhm;gh the ml}.w‘mg Is.em m & eansequ,eﬁce of “.h. 5& the

- proct tmm is no‘&s dimct. We g;we &I elamentary ddrest

?rwi‘ zwm,

8.3.1. IEMMA. Let i bein cs'(T), A4 0, let g.bein 11(,%),
end let WE) = " gd), (E € £). Then for every § »0 ,tkmﬁre

&

E
exigts E in T with ME)> 0 and

atem (AR(v,E30)) < -

mow Choose simple functions gn guch that g =g 8.8
:m:r k= lyﬂww let ‘ ' |
Bo= (o |l (0) - glo)f 5§, %, 2%

o

Then (k%}ﬁm) = %{01), o there exists X with ME) » 0.
et & = izii % X ﬁig w;{wre the Ai!@ form & p&zmm@ |

@ oo




e

etk

wgsyw‘

of i, end choope any 1 Ffor which ‘R(A_{ﬂ E‘t} » 0. et
Eo AfE . Then forsny. ¥ CF with A(F) >0,
IvE) = a) = | ;f'?g@a - [l
i

-l

F
EEAE)
so | V‘%} km‘ ggkﬁ ;5;% . ‘H@me ddem (AR(w, E5 1)) < &,

8.3.2. THEOREH. 4 Banach spece X hes the RNP if end Q%Y. if

every bmmdeﬁ, su‘k:»sa‘«; of }i gg gentable,

(P, Let X be & %@mmﬁaa set in X (w:m.x 1M P i;,g
and aspune ¥ is not d@m‘t@.‘ble, let € » 0 ve such m«s;
() . xe K= %€ colk\ B, (%)) |

VYe may sssume € < 1,

Tet 0= [0,1), a,nd:lefb" A a.,e;ma Tebesque messure on
{0,1). | | |
We will &eﬁm *w indm‘tien an inama.:ing mqmenw ;
| 2 < c ;jp C ... of finite algebras of subseis af Q s
and additive ﬁmatﬁ,mﬁ Mty & mxnh thet the :i'cm.win@

fmm mm@m@mm , hal&ﬂ




(1) "The stoms of Z, form & pasrtition {Iﬁ,w. }Ig 1
g - N ?
‘of 0 into heif-cpen intervals.

o ' '
(2) Vﬁ“‘li> 48 in K for 8ll n end all i = 12.,!,,3;;21,,

vl
Mz:%:)
ot LDl oM ‘i{fa? "‘ml*zi} e
(3) et | v
¢ 4 {:i”"““ ) MIZy TE 2
&

@) fw(E) - vy ® s=0 a@) , ®Wes,,

Before proceeding, note that (2) and (&) respectively imply

{53 i‘;vn~(x;;§g < ¥A{E) s ¥EeT
fys 5 e
and , Yin oy Vmi (E ; : €
1o P ' z «
‘ «(‘_6’} lrvey TE) i £ .0, VE&EHQME#G,
To start the induction, let £, = {9, ), let x

be sny slement of K, and let ‘-’Q{‘Sé} = O, VQ(Q) = ¥
Efext, suppose L and v have been defined, n > 0. For

ek 1 = 1,...,p,, using (2} end {¥), choose fimite mets

.
3 i3, fey »‘f“ (1)
(s '”“"K(qa} K oand (o 3.3“”“{@.? ¢ (0,1} such that Py m&f}- ‘w1,

P z )
() nl) i
|2 ¥,
3 a,{zg} | AT T

and "
AU SRC I I DI
A1) o

I
3R
B ap il gt g




T

— h I~

Partition Ij imto dtejotnt balf-cpen intervals infa,.,afzé

such tngt :
x(Jg‘)) = h(f“) m(ij s V= 1ﬁ'*“*q1°“

i%w et En 1 be the algebrs gemmted by 'g { : odom . s pﬁ; |
3WM””%}ﬁ;wmm&x@y‘%ﬂgm;mtmgmmmemmgm
satisfying k L

e (1) 1 i

5 (1) (1)
o ?L(In)a*j Xy

for all i = 1,. <osPp g = '1,,.;.,,%&‘

P e R - Foaal + ’ o e s i & s
Ther (1) and {2) arve clear for the peir L ., v ..
' i \e) BYE clear Lor The PR Inu1r Vmel

' To check {3), note that

x '( EX W '
I, @ e (I ; { (ﬂ e (v(i)} v
;g ::a—!»:i, i A ;g_!:_ﬁ_t ﬁ = -2 pal
P
Y
(1) . o551y @
- é x ) (R> 1%:)
7onlly t 1] ’ fop Sh%, it
(1) ?a‘xif‘x }l I CONI A &
2 h o8- ' b | BTV RS ST v
; g 3 () § R )k
&
> g - ) 3 "l & @
- e
2 | o




e B S

£ o

{

i 1 .
i E

E 5
amy % in X with

Mo cheek (4), note t;ha’?;

v (T = vy, <x"> = v () = 5 vaatay M

»f’

=l - 5731 MI:E ‘“‘” S

iy ”"*{I?) o (5} a
= MI?} ﬁ & ;; Zi 3 % .ﬂ>

x(x”’) <
| 2

A

Then () follows from the fact thet every E im L 48 tw

s s B ;n_&_r‘ mng-
digjoint vnion of the I.'s.

 Therefore, by induﬁtiﬁn we have the saquamaﬁ, (B0 i

such thet (1) - (6) are satisfied.

L

et ﬁm,} & e Then C 18 ma},gabm. I E isdin &
thm there exists N such that ' \

‘nglé ﬁ?‘ﬁ&‘:z_b*

By (&), vﬁ(’iﬁ‘;) = E.im‘ f@' (B} ﬁ:cisﬁts, Triviaily the f‘tmt:tian :

vt G =X so defined is fmitely sdditive.
By {5);

6 O IME) <m(E)  , vEeG,

e v is cmﬁ&b&y a&&iﬁiw and s-additive on G By 5. 2.6 v o

extends to & munm“bw adﬁitiw measure v on ‘E Zliﬁ For

o
i< | kwehw&_fpr&ny B oin L

L

£.3.4

B




#* .
lim Tx o wa, )
71 i XN

L]

~fac%m wE)
M DA (oy(5%))
& Nim ol ¢ |
‘@ Mkiﬁ)v

| wheve the limit 46 tekes over sll countable disjolut coverings

T ?«»ﬁy«‘%@m? of E by members of G.
Hence,
L)oo 1 %e) || swME) , vEer,

so % ie of bounded varistion and v << h. If X bas the
KNP, v hes & derivative g in Li(A|LX).

flext we observe
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. Taking the limit ké&a m o~ givés {8},

‘We shell now get a contradiction to the lemms. Let
be in L with A(B) » 0., We show

dimﬂ {M(‘%, 'B:s §E}) g

Mm

= which will cantmdict the lemms snd camplete» the proof.

Sﬁmm& T = T(G), there emaw E in G: such that
AE.

i
{_T\gi’éﬁ
4

}%'E % M} @ th ’*\'E; e ‘{.w f‘i } ﬁ:,

Then COMENB) <3 A(B) = x(nxﬁ)l

<785 (MB) - A(B A\ B)]
€ ool
= 5 MBME).

Now since E is in O, we can choose n 2% such thet E

En' Then B is & {disjoint) union of s subcollectior of

¥4 . .
. QIE i, I; 3», We claim that there is soms 1 such theb

MIg\B) < 3 A (T 0E).

For if noh, then
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contradicting the ¢~zmce of E. Thus the cleim must hoid.

Let cul'?n:a. Then 'C CB end

@ ME N < g5 Me.

In jgsarmc&lar Ac) » 0.

A5 sbove, we cleim thet there exists. I?lt xff
such that

For if not, then
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contradicting (#). Thus the cleim holds. ILet

Dom 1?’1 NC. Then DCB and
i 1
MI; AD) <3z MD)s

and in particular A(D) > 0.

By ‘(‘8%
T3y s 0 e
?34»1 ~ >z

ﬁ a.(zg J 3;(1‘2‘}
But also, |
g T iy o il PRI o = ih |
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and similearly
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dism (AR(V, B3 \|E)) >

B8.3.3. It chould be observed that by forcing A(I}) < %- for
ﬁvery o in the ;abw@pmaﬁ‘,‘ onsg ‘5&’{1&1‘1&& % egual to the

Borel subsets of [0,1). Thus 8.1.6 is & conseguence
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R.8.1. Rmmmz AND REFERENCES.

Theamm 8 Lo 6 as proved har&:: wag given by Chatterji m'm;z m;amww i
alse fnl‘fow from the ccmat:mctian im the proof of 8.3.2
b@low.. um x,l???m?li} also gi\res the following proof Qf the mnmt*iviaa*

(3 = g:lu af Coroliary & 1.7 which is independent of thea above Te: ulk@u

%

; “(;3} o (1) in 8.3.2. ‘Tee v be in by_(Z,X,u). We ueed wiy am

s has separable ranga, We. shw in fact z;aat W oomust have
"amdiriommy compact range if {3} holds. Let {E } bﬁ ALY
,m;;uaace 4o E, ;and im; 2@‘ be the »uualgebm gmgmm;,hy mﬂ}“ i

ﬁgmva thiak wz@i is 3&@&&‘&1}1&?]&9&&&&#& iz . rm &

derivative g which is in L (il LX) by 7.1.4. Thus by 7.3.1,

viz#‘ hﬁﬁ conglt u mm compsct renge, 80 Bow: mmmmm

cﬁf {w(e }} mmwgem in nor.

Addirionz] References: Diestel and Faires [1973].
¥.8.2. BEMARKS AND REFERENCES.

(1) Of the alam’im sequence mcea E«lea the B? for L 5 no% e,
while ea am_d g” » m do not. "?xgg A not yumly;mmi@v ”z';?‘(}\} and ::’”‘“m
ém' mt haw the RNP while Mz courge &1l L?{M ~ for }«i DL | do. E‘;:«if £

‘ ingmitze compact ﬁwédﬁmff space 0, C{1) does not have the RNP.

=
&9
=




{2y As pointed a#t by Uhl [1972], the quasi-reflexive spacese introduced
~‘b? Jamwa ;}950] and named and studied by Sivin and Yood [18571, have the
‘;EN?Q {uivim and Yood [1957} showed that every subspace of é,qua&inraflexiva
;aﬁgaee ie quasiwt&flexivag and that every guasi-reflexive space is & dual

~ 8pace. Hence every separable sﬁbgpa@e {8 & separable duszl space.;

{3} In this sectiom, the fundament al thearem 8,2.2 48 due to Dunfeté

“‘;an& Pe vis 119047, B.2.3 was observed by U%l 139?2§» and $.2.6 was noted by

W.EB. J&hﬁﬁﬁn, tha»@rcaf‘here being dus te Q@ Stegall. The rsmark 8 2.9
is due to Diestel [1973]. Theorem 8.2.7 of course iﬁkuue.arigiaally to -
 Phillipe [1943]. The example used here to prove Theorem 8.2.10 is from

Lewis [1972].

{&} :Preprimtﬁ*dﬁ the paper by Stegall mentiomed in B.2.4 are now

available iééggai} [1973]).

éﬁditiﬁﬁalvﬁafarenﬁeaﬁ Bi&%ﬁ&l«ﬁﬁﬁ Faires{1973].

.8.3. RIMARKS AND REFERENCES.

(1) 1In order to discuss the history of Theorem 8.3.2 we need to in-
trnﬁua& tha natieﬁ of O=dentsble if and an@? if for every € » U there
‘exi@ta aome % is X such that

% £ G-co(K B (),

s o, 20, iy o =1, x €K Bixh

whgre ﬁfeﬁ (% i“nﬁix) }Mﬂ ézi G%itxi

E A




e

— Q¥

;fﬂaynafd‘§19?3§ notad ﬁhat~xieffel's‘thearem ?;&»é gnd its‘prouf rensin
valid if dentability is replaced averyﬁherevby ﬁmdentability; ‘ﬁunvexsaiy,

vlha s&ewed that if X contains & bauuded set which is not O-dencable, then
‘:f K d@es not have the Rﬁ?‘ hence X Thas &he RNP if and only 1if ﬂvery bnundm k
ed set is g-dentable. By madiﬁying Maynard's construction, Buff‘KIQ?EE
prﬁve& the ﬂt*ohgerkresul Tﬁeetem 8. 3 2, the proof heing that givaﬁ hera@~
At ﬁ%e same time, navis an& ?nelya gxs?sz ehnwed that 4f X has a bounded
nmnwﬁantable subsems tben it has & baun&ed nonnc-ﬂentabiﬁ aubﬁeaw

It shauld be poiuted out that Maynard [1973] givas an exsmple. ﬁf a

~bcun&ed set;whinn‘is~§eaentabie but not dentable. {Ail such sets must ﬂi

course lie in a space without the ERP.)

Additional References: Diestel and Faires [1973].




