6.1 IKTECRALS OF WEAKLY MEASURABLE FUNCTIONS
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’Thtaughouéi é%xis section, £ is a ¢o~algera of sudsecs of
2 and. ¢ is & fixed member of m“g"(m . We shzll develop un
integration theory for functioms £:8 -+ K, where X s 8
Bansch space. For convenlence we sssume A CLHC §, B €3
wl(B) = D w A € B, i.e;; m m complete.

4

4 funetion £:8 -+ X 48 esid to be weskly (Z-)zsssursble provided

# ,_ # i -
% ¢ £ 418 Z-measurable for every =z dn X . A weakly measwralie

' %
funcsdion £ 1o said to be integrable provided = o £ is in

’ ] %
L‘E‘m} for avery = fn X .

THEOREM. If f£:2 - X is integrsble, then the fusction

% D #* : ;
U = 3{} (W) given by Ulx ) » x o £ 4is contiouous gnd Llimear.
, ' ) %
PROGE. We uwee the clesed greph theorem. Suppose xovE im
¥ % 1 ‘ # %
£  and xﬂﬁf"ﬁ'@ im L {u). Then x,0f+x of polnswios,
* .
and sowe subsequence of {x L © £} coanverges a.e. to g (by 2.2.8).
%

Hence g = x o £ @&.6., which shows that the graph of U s

closed.

COROLLARY. If £:8 - X 4is inceprsble, them for every E fn I

. L]
there 18 a unique element, demoted (™) | fdu, in % | guch that

B

6.l lo




gy 4
L -

& s
() fapdxy = [x* o fau, v e X
E %

- * * %
PROOF. (~) [ # du 41s the composition x wx o £+ | = o £du.
E- b

6.1.4 If £ = X is integrable, (~) [ fdu is called the (Gelfand
E
or Dunford's second) integral of f over E.

6.4-5 An integreble funmction £:R - X is said to be Pettie integrable

provided (=) fdp de in £ for all E fm Z. In this case,
- ,
the Pe tis intsgral of £ ogyer E € % is the element,

denotad [ £dp, in X satisfying
E

- fapy = () [ fdus
g » i ,

‘f'.w @o.p

* % * #
% {j fdu) = f 2 o fdu, ¥ € X .
E - E

o

6.3.6 TCHEOREM. If £:2@ - X is Pattis integrable and if ¢:X - ¥

- is any eontinuous iinear operator, them ¢ e £:R + ¥ g Pettis

integrable, and v | 4

[ oo fd =l £, VE € I,
" " .

&“@ '{g‘i? égzm




o f

, * o4 # % .
PROOF., If vy €Y, then v oo €X, 80 y oc9ef

iz in E}(;&)a Moreover,
% . & ¥
y (0 £du)) =y o MIE £4pu) = ]E y o4 o fd.
i

6.1.7 THEOREM. If €:0 > X is Pettis integrable, and if

ue(E) = [ f£du, YE €I,
£

then ;.a.fzz + X ie countably additive and absolutely continuoug

with respect £o W.

' % e @ %
PROGF. MNote that for all = dn ¥, % o u(E w [ % o fdi,
N ~ . 524 E-
80 X 0 Wy i& c.a. By Pettis® theorem é,ﬂ}, b is c.a.

e , # ‘
Meo, p(E) =0 @x o p(B) =0, V¥x = p (B =0, £

the is sbsclutely continuous with respect to u by el &o

6.1.8 LEMMA. Let {%} be a sequence in L}‘m}g and for each =, Jlet

e

v_{E) %‘j g du (B €3). 1If {g } is Cauchy in messyre, the
B g B — n’ == — et

following statements are eguivalent.
(1) 1im v (5 exiess for all E in Z.
P : v

{2} lim »@miﬁ) existe uniformly over E  iu .
T

{3y é’vﬁ} is uniformly absolutelv continuoue with ‘

presee

respect Lo p.

e 47,




PROOF. (i} = (3} .by the Vitali-Hahp-Saks theoren, and
clearly (2) » (1L}, It remains to show (3) = (2).

Suppose -{3) holds and let e > 0 be glven. Choogse 6 » 0

su;::”n that
, é ; |
WE) < g v Bl < e ¥ .

Now aince {g@} ie Cauchy in y-measure, 3N such thap
Vo.n & B Eﬁm £ 5 with “‘(Emn} «‘j:: & and

wf B =g () ~g (@< m :

Then for sny B dimn %, m,up N implies

[ ® = @] 8 [y @0 E 3]+ [yEae )
* v (BNE ) = v (B\E_) |

<stet |f ig&*gm)&ui
ENE_

| —b s 2
g 2g * NS ;@(E\Em} s 3e.

6:1.9 LBMA (Vitali). Let {g;)} be s sequemce in LY(u), and jet

i be & measureble Ffusction. In order that g be in E@l(u}




and  lig

o " gfl}h - 0, it is necessary and Emfgmmﬁt that

{a) g, ™ & in measure

and (b) one (and hence all) of (1), (2), (3) of 6.1.8 hold.

PROOE. (=) Trivial.

(&} Buppose g, 8 in measure and {vn} ig uniformly
absolutely continuous with vespect to p. For given ¢ > G,
let Gmn o {m:{gnim} - gm{mﬂ & EBJ. Thex; Mﬁm} e 0» ag Wepee,

and so there exists N such that

muE Ko | ‘igkicﬁgﬁ. < e, Yk

G
wmh

Benee for all m,p 2 B

flg - g ldps | lg ldu + [ ig lap + [
m ) G m o 876

. g, - gl
b3 : WL | et ;

< &% 5 &:MQ\GM)

& 2¢ + g@i’,&} .

@

This shows that {gn}z ie Cauchy in mean end hemee converges in

- meats
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£.1.10 A sequence {fm} of weakly measursble fumctioms on & to

6.1.11

X is said ro gonverge weakly in measure toO £:@ «+ X 1f and

] * ®
only 1€ {x o fﬁ} converges in measure te x o £ for all

@

L4
% dn X o

THEOREM. Let {fﬁ}? be a sequence of Pettis integreble functions

and suppose

{1y fn -+ £ weakly in messure,

and (2) wk = lim [ £ du exists for all E in Z.
e B

Then £ " 4is Pettis integrable and

| fap » vk - 2im [ Edu.
B e B

[The weak limits in (2) and (3) cam simultansously be

replaced by strong limits.]

s % @ % '
PROOF. For every x lio X, x ofﬁ«wﬁ: o £ in measure,

8o £ is weakly measurable. Also, ginee

i # 7 *’v &
fé,%m fg % O ﬁmaiu, % {(wk ~ lim fﬁ M?mﬁm

' %
exists for all B in %, by Viteli's lemma, x o fn‘ COn=

® ° s
verges in the Llwmm to % o f. Thus £ ide Pettis

integrable with




s T

6.1.12

6.1.13

[ fdp = vk - 1w [ £ dp.
E E

In the space of Pettis integrable functions we can

introduce the following pseudo-norm:

| igfﬂp = E;fxgﬁlﬁx* ¢ fﬁln

Thue, [|£llp is the operator norm of the operstor U im

6‘3@&2&

THEOREM. Let gfn} be & secuence of Pettis integrable

functions which is _§]°{§pwcauahy. Then {fa} ilwégp»mmergea

tc z Pettie integrablz fumction if and only if it converges

Rty

weakly io measure to yome weskly measurable function.

PROOF. (<) If £ = f in the |*|l, norm, then for all
# % ) o 1 K # v
Z . % @féﬁ:ﬂ"w‘x ef fn L{w, so =z @ﬁnwzs o f in

MORFUTE
. , &Jf&’ﬁ&ﬁs&
) Suppose {fn} ie ii*ﬁiywc&u&hy and fn -+ £ in

measure, where £ ie soms weakly measursble function. The
hypm&hmm of 6.1.11 are zagily checked, so £ dig Pettis

integreble. How gilven e > 0 there exiets N such that

<



mn g Nw» ByP iz o ﬁﬁ - X @ wﬁiié < B,
flxe flsl
and &0
% %
nzNo syp Ik of ~-x offl, se,
¢ . pio 1
iz flsd

‘ # &
gince % v f-x of in .Ll(y) and the norm dn

Llig} iz contiuucse. Thus £ -+ £ in the H”ﬁprnﬁrm;

]

org
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6.2 IWTEGKALS OF STRONGLY WUMLE FUNCTIONS.

60%‘1“

6.2.24

itk

& functlon T: Q =X ie surongly meagurable if end only

4if there exlsts & seguence of simple functionsg fn: =X

such that fﬁ(w} o £{w) 4n porm for pealmost all  in

a

A function £ =X is essid to be essentially geparably

valued if end only if there existe fhe T such that

wl s\ ) = 0 and f(%) lies in a separable subspsce of

3;4;., Clearly & a%m:‘éngw messurabie function is essentislly

separably valued and slso weakly messurable. We prove

ba}.m? the converse of this, & powerful remm due to Pettis.
| & function £:) ~+ X having & countable mﬁgg will be

called countably velued.

IEMMA. If ik =X ‘ is weakly measurable ang @sssﬁti&%

separably velued, then |ifl:n ~® is measursble. In

perticuler, if f is strongly messurable, then |if] is

measurable.

TROCOF.  We mey aseume without loss of generality that X

ig mgx@abm. et D b & counteblie weza;&;%udméé subset of
the unit ball B of %, {Ef% is & compach metric space
by : Y.

For any o in &

e
" (2())| £ a)

Bt

oz {f{wll] €« %:,:%QB*‘ {w

X3

* .
gﬁ:zﬁﬁ’rgg (o b (£lwd)] Sab




6.2.3.

G.2.k.

which 18 in T since D 1is countable and f ds
weekly messurable., Thus |ifll is messurable.
THEOREM (Egoroff) Let f amd £ (n=1,2...) be

strongly measurable fum;tirms on {0 %o X. ZThen the

Tollowing two gistemente are egulvelent.

{1) £, =% 8.8, in porm,

(2) Ve »0 2 E el such that u(B) <¢ ..“;‘«3};%.

£~ 1 uniformly on QN E.

FROOF. By trenslstion we may essume £ = O, By 6.2.2,
e |l is measurable for every n. The proof now procesds

exactly 88 in 2.2.6.

THEOREM (Pettis). For & function £: 0 - X, the fullowing

Lhree statements are equivelent.

(L) £ 4is strongly messurable.

t2) £ is weskly mceasurable and essentiellv separsbly valued.

{%} £ —can be approximated uniformly, except posslbly

on & set of mewgure zero, by countably-valued strongly

messurable functions.

JrogF. (1) % (2) trivielly.

{2} % (3). Ve sssume without loss if geuerality
chat X ds separeble. Let g » 0 be given., If each

f{w) is covered by an open e-ball in X, then by lindelof's

theorem, » countable collection (B, 1. of these balls

i i=l

. “




6.2.5. COROLLARY. If X is sepaysble, then f£: 0 —~X 3is strongly

Lo

2&3960

R
oo f gf;ﬂ b

covers £(0). let %i be the center of B,. Then (.} - s
is weekly meesurable apd by 6.2.2, [i£(.) - x| de
measurable. Hense the set

E = w: £{w)e Ei}

Lol

is din L, and O = i’yl Eia Let E’lelg FngQ\El,.“

Fo= BN ( ég.ﬁi)w“; and let glw) = %, if and only
if weF;. Then e (w)-glew)|< € for a1l o since
£ mizl Fim Clearly g 4i& strongly meesurable apd countably-
velued,

(3) (1), If (3) holds, then by Egoroff's theorem
ve can choose 2 simple function 8, such that
llg, () = )l < ‘é%"‘ for all o except in & set A e I
vith ula ) 4:;;;%-» o Tmen y () (n;t% A)) = 0 endif
®» é;él (;ﬁmﬂn} we have thet § M 3@%&%&3& implles
wg A so ii@;m{m}m t{w)| < L . | Hemcs £ is strongly

&

measurable.

measureble i1 and only if it is weskly measursble.

CORCLLARY. IT {fm} is 8 sequence of strongly messurable

functions sud if £ (w) - f{w) weakly for almost all

o e £, then ¢ %a_ m;mn@mg__y meagureble,

. f’ g
e ot g o3

Ed
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ST

we can asgume withoub loss g?‘ 'venex‘a,aity thet X is
’ . %
geparsble and hence there exists a countable weak ~dense

*,
subset D of B . Then

g " fw s f‘{m)mxi}"

- # : *® .
= {w @ % (flo)}=x (x,), Vx &b]

LY

= 0 oo ox (flw)) = x (x]].
¥¥eD

which must be In & .

6.2.6, THEOREM. If £ and g &rg strongly meesurable integrable

functions, then £ » g s.e. 3L eand only if

(~1f fau = ()] sap , ¥Beg
B B

PROOF. { %) clearly.
(#). Suppose (- )£ iy = {~ {g g@;,_,; forell Ee®.
We mey essume X 4z m._p& arie and th&t X} = {:m dE
& counteble wea:h =gense gibsel of E . Since
: %o £ d ¥ gdy, VESL, we must
5:&@ o ‘M“‘Qg x 0 8 . We mis ve
xnof(m)mx 0 {w) for &Mmexﬁﬁtinscm@ set AEE

with u(h j=0. Ist A= it ﬁn“ Then 4(A) = 0 &nd if
‘ L : .

w ia not in A,

& # |
X, (£lw)Y = :;sm(gémsl‘?

for 81l n, so flw) = gle).
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6.2.9. LEMMA. A uniformly bounded strongly measurable function

k4 v: 0 =¥ is Pettis inbtegrable.

PROOF. We mey assume ¥ 1g separeble and so the unlit ball
B of X is metric in the weak btopology. Cleerly

£ 4s integrablez and it is only pecesgsary to show thas

x ”I x 0 £4, ie weak -continuous on B . Suppose

xn*m x weak™ din 3 . Then *o m fﬁpaintwim end by

Lebesque® dominated convergence theorem f (xn © £iay -
E

IE (x%@ f}dggn

6.2.10. THECREM. Let f: 0 —=X be strongly messureble and let

o0
‘ _ fymg-!ﬂ'ig xixﬁﬁ.

be any representabior ag in 6.2.7.

Zbe function T is integrable il and m_zgg Ar for
gach K in T apd X in X the serles

g, ¥ s
4y (wz;i)g.g(r» ﬁmi)

converges sbgolutely. In thig cage

(A}jEfﬁu = (»),fﬂgﬁu. + (i - .z % u(ENE

The function f iz Pebtils integreble 1f snd only if

for each E in I, the series

e




i

2y %y B (ENE)

converges unconditionally. In this case
) . o ,
gnfﬂu = Imgéu. +,2 %u(ENE).

FROCF. If £ 4is integrable, then ior every # 4in § end
# *
x dn A,

%:g.\ )nydu} {x*) w jﬁx*o rdy
fxmgﬁ;,{»g % q m('ﬁ’ nx )

by the dominated cmvm:geme theorin. Sinve the last
series is uvnconditionally convergeni, 1t s wheolutely
- convergent.

Q‘omver&amyg suppose for every I in I and x*
in ¥ the series T x (xi)u(ﬁz NE;) %8 sbsslutely

. L %
convergent. Note that for every xz 30 %

s
x*e £ = x%a g+ LY pﬁi) %Ei@

Since x%csg is bounded, » o g is in L {u)e 3¢ B -,

in T o then '
5 [ C‘ti}ag ), = 2y (e du(E NE) = T, % (x JulENE)-

By 3.2.i}. aad the Ea.donwm}fa&ym Theoren, iz:i 3 (xi) XB;’&.,

%

converges weekly to some menber c:f L (1)




Hence § is integrable., Since the series

(=)
Ry

< P w1 o o . e .% 3 «‘* ¥ ;
341 ﬁigx(ﬁﬁﬂi) converges 8% every x  in X, it is
bounded by the Uniform Boundedness Princlple, and hence
1% converges weals® wsing A&gag&m@ﬁ theoren, and it follows

that
PR o6 ' A LE‘\ 7 iy
) j Efﬁ-ﬁ' = {Q ) J?Eg&m + vk "“3%1 Xy wEN Jﬂ‘i} )e

‘ Le 7]
If f s Pettis integrable, then iaEJ;. xiKEi i

Pettis inbegreble by 6.2.9. Moreover,
¥ .- , =ow ,
* (G mxg )00 = [ G ® () g D
- & h T

% e % : IS
= g2y K (2 JUENE ;)

o
§

*, 0 e W o kS
= & (i.é'i xi“‘(:‘ﬁ‘ i Eﬁi}}s

the lest equality holding vy the Pettis-Orlicz theorsm.
[>4] .
Conversely, if izi :za:iu(EﬁE:g) is wnconditionally
convergent for all E, then £ is integrable by Ahe

above and

. e - T :
{ ~ }jﬁf&g % ( “ )5;&@#; + (“‘é’k "“i;' X’i %(E it E'.}'} }

[

() + (& xuEne))”

a

o

i in X, so £ is Pettis integrable.

(i

s I :@
5’&?@ s i éﬁ ¢
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6.2.11, EXAMFLE, 'Let £ : N —c_ be defined by f(n) = e,

ow
where e_{m) = gmn et 4 € caéaﬂ} be such that

n h
pllnl) = Zn?‘fw . Then £ 4is strougly measurable and

countably-valued, with

[22]
f= gl @8y nyy

For any set B CH,

| 2y ﬁieig.;({i) nE) = B e

If E 4s infipite, this series does not converge in ¢ o

end so £ iz not Pettls integreble. However, for every

e

xe e m.%l,, 88y X w(aﬁ

e
-

iml ?

T ox (e,) w 5
. L s €
Z 10 % 466 %

converges @m@mmwm Hence £ is Gelfand integreble with

- ' 3 ‘%’ 5 *ﬁ' i ”:‘é‘
{a}jﬁf’du w WK - i& e, m‘ XE € (mw} .za gfl) = %Xkﬁ

6.2.12. THEOREM, For s function £:0 -~ X, the following three

gtetemente are equivalent,

(1) £ is strongly messursble and Pettis integrable.

e

(2} There exists a sequence of simple functions {£ }

suck thet " f, =T &.e. aod i - fn% = O,

(3) There exists & geguence of simple functions {ﬁ‘m}

guch ﬁgﬁg fnm & a.e. and -

1 jgm dyu

exiets for every E in I .




SN %
PROCE. (1) 2 (2). Usingg 6.2.7 write
o0
. - o . 3 .
fwg+h g%{g‘;:‘lyixgi,g a.e
n B
Let b= 42 ixﬂi Then h = h everywhere ind
; , . o
o - B L, = s» | x (o - )
e e
# ‘
<2 Sup sup | I % (b« kg&}d;.g f

= l&x ﬁm 1 Eez B

4 *
= 2 gup Shp b { (h. - % :I‘fi } ‘
S E:l EE nH %

=2 sup || [ (n-n)au]
L B 0 ©

= 2 Aup “X B jl
Fé‘éﬁ.gh Eﬁ{i n+l Ei} :
= {3}
since Lim || [ hdy = O (by 6.1.7) end %‘wz g By)m O
wiF)=0 °F
Next we can choose & sequence {gn} of sinple
functions such that g, E By and since g is bounded
we may essume [g || <M for sl m, some M. Then by the

dominated cmverg,enée theorem
B - el r o [ - 61 g el o

Letting fy= b + g We have f ~f a.e. and lle - £, %{@ 0.




6.2.13.

(2)=(3). 1r £ ~fl =0, then for any E in I
&
15200 - Lru = L 100
- su %j *“*(ﬁn«w fm}ﬁg |

BA

88 M, N = .

(3) (). If L= T &.e., then £ converges to L
weakly in measure. Thus if Mu [ £ dy elsc edsts for nll
E '

B in ¥, then by 6.1.11, £ is Pettis integrabile.

THEOREM. Let £ : 0 —~X be stropgly messursdle snd iategravle.

Rt it

Let w(E) = (@) f fdy € X%’%g (E.e Z). Then the following
i) ' :

four stabewents are gg_uiv&lem;,

(1) £ is Pettis integrable,

(2) k= Fov & xext S < 1) ie contdtionally

weskly compact in ca(R).

(3) v is countably additive.

fo]

{4) v is absolutelvy continuous with respeet to .

A =
o, oy f*“ P}

W E




e ?/““" .
r— {" e’

PROGE. (1) = (3) vy 6.1.7.

(3) ¥(e). If v is c.a., then by

o RHE RFH |
= ov :ox e ik e 1)

is conditiomally weskly cowmpect end it conteins X.

{2) % (&), Suppose (2) holds. Hote thet y is a |
zontrol measure for K. Hence by 331 5 w18 & uniform ‘ §
i
sontrol measure. If -M{Eﬂ»)w 0, then - |

e (3 ;

fv(E )l = spe . bo(E ) (x") RN

e

PSR

LA

() & (1). ®ince f 4i& strongly measurable, we can

assume X is separable and therefore B  is metrizeble ; n

A *o % g ¥
in the wesk topology. Suppose *, ¥ wesk in B,

N

If (&) holds, then {x? o v is uniformly absolutely

. o . [’" 0 i' i
continuous with respest to u; i.e., {j'{ },,.h e L) &g;}.i

is uniformly ebsolutely continuous with respect to . e @%

, #* . . o £ g
Also, % of -x o f pointwise. Thus by 6.%.%, xﬂ% £ in
; . A

L*(u), end so for amy E in I,

o .. % . # ) " o
{{~ )ngﬁﬂ}(xm Ve jE}z:n ofdy -~ j xofdym {iﬁ}%mm(x }e i
3 B LA

ThereSore f 4is Pettis integrsble. o CoA

T,

6.2,k . THEOREM.- If #:0 =X is strongly measursble, the following i

three statements are equivalent,




. A8

H

H
a3

\

(1) Wnenever & is represenbed by

oo
€%} f 5 g +ig;i xﬂixmi Bias

(B,) iz gomvergent.

©Us E
P @ m
as in 6.2.7, the series .7, (b

(Q:& Eiéfn%’iu € o

(3) fThere exists a sequence (fr} of simple funetions

guch thet fn w £ 8.8 %‘@” ,
Jie = o lleu =00

PROOF. (1)%(2). If (L} holds, then

[l < flelie + JhEwgng tes
oy Sai"
. Dl + J 5l
o el Tl ue,)
< o

(2) # (). I () let hos é% x,%. . Then
= fie - el <l + lell 5 s0
e el = 5 e luce).

(2) ¥ (3). Cboose simple functions g, such theb

gﬁ. w f BoBoy and jet

A CXC R A

ST I

n
‘ é o othervise.




-

Then z, = £ s.e., and ﬂf‘ﬂ(m} = tla}l < 3llelwl]l , Yo

and so by the dominated comverjence Thecrewm
Mz < £l = 0.

(3) #(2). Formay m, [lelen < JlIF - rlou+ Jle i <o

6.2.,15. DEFINITION. A function £30 =X is eeid to be Bochner
invegrable if and only if it is strongly mﬁﬁﬁﬁf&b&% and
(1), (2), (3) of £.2.1k srs satisfied.
By 6.2.10, every Bochner inbegrable functlon ie Pettls
inﬁ&gxébi@b' | | | “

6.2.16. EXAMPLE. let fiff =c_'be glven by
i :
% 2 N
fla) = 5 &

where &nim) . é;nﬁ and let i€ m&(éw) be such thab

(8)) = = . hen £a.7 2 and
E‘i | & gn & L ¢) e ﬁ,a, m?{: ﬁi X{i} .

o

e g
! t Bl = i
i.;i; Eﬂ‘g Ci “( {ﬁx }ﬂ ) ) ﬁ‘% ,%:m ¥

This converges unconditionally in C 0 and so f is Pettis

integrable. However, € 48 not Bochmer integreble since

2 [ 'ﬂ\ gi w0
2l 2l =gy T
Py .




- f 75 -

6.2,17. TFEOREM (Dominated Convergence Theorer. ).

Let é:fn} be & sequence of Hochner integrable function,

and suppoge f =3 a.e. If there exists some gz in LT {u)

&

such thet i || s @ 8.e., them f is Bochner integrasle

. . ﬁggﬁ%éf& . .
and [l - £ flap = 0. (I perticular, fEf ndu for all E in ). -

%

PROF. .If f£,=f &.e., then e, = £l =0 soe. au
e~ 7l <28 m.e. Hence flg= £lgu =0 by the ealar

deminated convergence theorem.

6.2,38. If v ie in ca(T,X), the veriation of w over h set

Ein § is defined to be

' 1]
IVI(B) = sup ,T3 uEOl < =,

=4

where the au;wemuzé is taken over all Iinite disjsint
collections {(E,] €T with B, © B The measire v L8
g8id to be of bounded variationm (b.v.) Lf and caly i¥

!v%({})} < o0 .

6.2,19, EXERCISE. Show thet if v ig of bounded vaeriastlon, then

;yvi' i in ca (£).

6.2.820. THEOREM. Let f£: =X be strongly measursble and Pettis

integrable, end let (B} = j’mg (B e ), Then f 4is Bochmer
. i 2eziner

integrable if and only if v  is of boundsd veristion. In




that case, |wl(E) = £*§Eﬁﬁ%i (E<L).
- E :

PROCE . 3‘@1?%@ ? 45 Bochner integrable snd let (B, )

be & mmm ﬂi&x,ﬁwmﬁs epellection dn O .

Then
i)l - s sl g x|

g Es

it

lietlaws & Jletlow s

&

g0 v is of b.v. with [v](Q) <

How £ix E in I end ¢ » 0. Choose o simple fuobion
i1}
I e | TS Wy e o P ]
g such thet [l - gl € Write & =24 X ¥ s vhire
the B 's are disjoint. We mey essumc thet the '

partition (B.e...,B ] is so fine thab
4 n

Then
D iviE) - f el | g ) vlE) - T livene) |

+ | oiven e - ol el
; i : Q?ﬁf'éfﬂ@

<e+ |  ran -] eeull [vore
»E) Emi g‘ E%ﬁ '

A
oot
%
Tk
-
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é v:mﬁk E(E,
< ze+Lh[ (£-glapll

¢ “Bre
§a€+§£ 4 lie - allou

Haweos §§§E‘ w & §¥r§§ﬂg gione € > 0 wee srbitrery.

§ [ al tas
i

S“mwmmy, mypmw v 4is of Doy, Write

’fmgﬂgyg» % ¥g, a.e, &8 in 6.2.7. Then [ gl

Amd ¥y

sﬂf

is of b.v., B0 Yy smst be of Dov, Than
:1 ﬁ% +

3*

. %"E'ﬁiﬁ&gﬁi} " ﬁugiﬁfi { IE {5% ﬁ.‘f& %{} A zi Cw oy

i

and so € 48 Bochmer integreble by definition.

6.2.21. We hmve cbserved that Egoreff's theorem from §2.1

e@wmm aver ©o @trmly meesurable X-valued fonctions

(5.,&:;% j. We now obszerve that the rest of éam mim over

6.,
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similarly. Let W{E, %) dencte the space of 811
strﬂngly measurable X-valued funciious.

A seguence {fﬁ} in WML, peX} is said to be Cauchy
in {u=) messure (respectively, to gonverge .a e
me&gw% 'tss» £fehls u X)) 4if and only 4T Tor every
€ >0

- im o {w* l%f (w) - £ (J&;uﬁéi? w {

(respectively,

o plo: lf (@) ~t@lize )=o)
n= @ i oo

Ag in Z2.1.1 and 2,1 2, this mode of convergence .8 eguivalent
asnverglace wilh respedl T

4o 43y pseuw»metrm poon WE,uX)  given 'y

Pise) = it le+ plwen s frell el .

6.2.22, THEOREM. If £,f, sge in (T, ,X) (0= L2 ...)

% £ ‘R u - A yol
ard if £ -1 a.e. [ul, then £ =% 11 -messure,

PROOF. Exseotly s in 2.1.7.

642,23, THECREM. If (£,) 1s & sequence in I(E,1;,X) which is

Cauchy in messure, then ther ximm & mbswqumw i %}

which converges a.e.[u] to some member of MWE, LX),

- PROCE . Exactly as in 2.1.5.




=
E

/g

6.8.24, CORCLLARY. M{%,u,X) is a compiste usewio-meizlc space

in the topology of convergence in messure.

6.2.25, DEFINITION. If u isin ca (T) wmd X is2
1

9
Banach spacs, then L-{u,X} denckes the space of &l

Bochner inbegrable functions f£:00 - % with the norm

lell = Sletes

6.2.26, THEOREM. L (u,X) is & Bamach spge.

?RG@E‘, et {,fm} be & éeqﬁamw 'in Lz'{wx) m@h that
M- £ ldu =0 as mn <. Toen (f] is Cauchy

in meaé;:ez*a;. 80 ﬁhere exists & sbrongly measurable funetion
£ such thab :f;“% = f in messure, I follows thet

el = le | 4n measure, and slso that 1in a;?gurgpu exists
for 811 E in I . Therefore, by 6.1.9, ';lﬂ% is in 1MW),
g0 £ s in I (X}, By the Vitali-Hahn-Seks theores,
lm [ ‘nfﬁggau = 0 uniformly over n. . |

WE)=0 E

Now given & >0, let G= (o : |g, (@) = 2@} 3 €l

Then (G m} -0 88 n - , and so thure exigts N guch

that , \
fg, ﬁfki?% <€ for a1l &
n

n K Ed
sndl IG ufiédg <@ e .
nw .




— O~

Hence n > N implies

(liea- £l £ Jg legllaw « Jo llebon + o [l = £l

< e@e&ﬁg(ﬁﬁ\ﬁn}

< e (2 + @)

Therefore, [f - ff}, =C a8 n ~w.

b

6.2.27. COROLLARY. A gtrongly measursble functicn £ =X

is in X»l{;,g,x) if and only if there exists & seguence

ir m} of gimple functions such thet

() £ - £ in measure (respectively, a.e. ful s

ang (11) £, - £l #0 e m n e

6.2.28, EXERCISE. ILst X be s Banach space such that vd
, ‘ N
ig eepersblie. Show that e function gl ~X 4y sorongly
measurable if and only if % o g is messurable fo every

x dn ¥. (Hint: Use and C)
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R.6.1. REMARKS AND REFBRENCES.

{1} Our notion of "{ntegrable weakly measurabie fumectien™ end the
corrasponding fategral (with walues ip Xﬁw) was introduced by Dunford
and tﬂé integral is referred to as Dunford's second integral. (It is aleo
known as the Gelfand integral.) What we call “Fettis integrable functions"
were introduced and studied by Pettis [19281: all the results of this

section (except 6.1.8 end 6.1.9) are from Pettis' paper.

(2) We refer to & purvey paper by Hildebrandt [1933] for refergaces

te early work on these and other integrals.

Additional References: Brooks [1969(b)].
ReboZ. REMAKES AND REFERENCES.
{1} The important theorem 6.2.4 is due to Petzis [1938, Thm. Lella

(2} Theorem 6.2.12 is due to Pertis [1938, Thm. 5.1]. Condirion
{3) of 6.2.12 waz used eariier by Dunford to define sn integral, and hence
the integral of a strongly measurable Petiis iﬁt&gr&bﬁ& function i® cften

called Dunford's first integral.

(3} The Bochner integral was introduced and studied by Bochuer 19331,

{4} 4hgain, see the survey paper by Hildebrandt [1953] for referimces

for these and other integrals.

addirional Refereances: Bavtle [1956], Diestel [1573(a)], Brocks [1969¢L) 1.




