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4. 'THE SPACE ba(A)

VARIATION

' Throughout this chapter, let A bl an algebra of subsets of

& non=vold set Q. We consider the spsie ba{A) of all bounded

Bodod

fiﬁimiy additive fmctmma g&;zﬂé R

For finitely additive mesasures wma;h are not countsbly sdditive,
the Hahn decomposition theorem faile. e vesort to the remarks is
3.1.6 in order to defime ﬁh@pmiﬁm and segstive parts and the

veriation of a finitely additive measure.

THEOREM. ba(A) is & vector lactice umde; the ususl opdering with

wE) = suplu(F)sF C B, ¥ € 5}
W (E) = ~inf{u(F}:F C B, ¥ ¢ 5}

and |ul(® = £ @) + W@

pe n :
w sup § Ju(E 0 ED]
R R £

where t‘hé last supremum is taken over all ﬁin:!.m particions

W o= {E&g‘taayﬁn} @f 'Qv




PROOF. Let y@ be defined ee sbove. If Ej, B, arein

= gap{i(F,) + u(F,)F,,F, € 4, B, C L]

=u(m) + 1T (e,

. Thus uf iz in ba(Z). Clearly u"“g 0 and 5@'&a we If

va 0 eod v& u, then

FCEwul®) 5 v(F) s v(E),

v

g0 vgg.%' S v. Tiersfore bs(A) 41s indesd & veprst léttice with
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pvoeyt,

thebvy
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We have (as in amy vector lattiesy B = (=) » and g0

ﬂ:m}, = ﬁﬂP{’“g%(F)sE € Z; ¥ - B}
oo =inf ()l € 5, ¥ ¢ E}.
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Alse (as in any vector lattice), |u| = 'J + . For amy |

E in I and fy:'mi{Ei‘;J”;E; ﬁ}'i & partition of 8,




ElpEn Ed| = 2 uen B) -3 uBN E)

= wCUE} 0B - (8 0 B

£ (B) + (B

" g%é (B}
whera 2"%%1122%} meane the sus over only those for whick
BMENE) & ¢ (= 0) ead similarly for Ut ene U, Pimally,

J4f ¥ B, the

2By = wl(B) & p(F) - piB\F)
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eod thersfere |s|(@) = %%m e (B) & 8L Eiul® n %\Me
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bole2 Let gé&‘;ﬁ denote the lisest spece of all A@ﬁs@ﬁ,@ funations
‘ n ’ RN VIR
fo [ e¥ (o €L 4, €A). Then S(A) 46 & morwad Limesr

fe]
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@, V,é&ﬁ Et i @&@téﬁf chm&@ﬁ é:&m%:

g 35(A) 2R by o (£ = )

b Lot jmi -
@ém is & livear functionsl on ${A) wmw ig @m\tmwm and
ite operator wore ie given by Eﬁs%ﬁ = lul). 8ince g« L

i one-to-ove and linear, we have that the gquentity

Tl = Jul@

13

{eelled the {mml&;} varistion norm of p} defines & norm os

ba{l}. Simce copversely, avery © o $tay® 49 equal to. %
where p(A) = ¢, LKy we bave that - (ba(A),{-l} is & Bemsels

space isowetrically isomorphic to (SCAd b “‘géwﬁﬁ*a

- . ¢ 8 = : g ‘ . 4
From 4.1.1, for any p.in Be{4) smdasy B in A,

B gmgg%;% bl & 2flull o Hemee [of] and fi-fi, ere equivalent
DOTEE OB &&5{&}@ | ;

b IE. 5;;, g balh) i.@ countebly additive on ﬁa@; z:m @& . b

3, i (’HA;.
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1s & disiolnt segeence din A  for videh

i

g.«—:x D

o

Uz 4s ia A Since for every N

)

e r”%‘l'k N %:‘z -
5 Eogw s Rt ) 7 )
L @i Ed e fég E. % w B J,
: e Tmane Gg‘“" \
we have @&"”:ﬁ E.) 2 %, W ‘ﬁi’%%
- " ; & ) :
sow plven 6> 0, chooss F €A, FC U . puth that
KU B ) < p(B) + 6
y ‘ e;@ 1 : g
Stnce wiF) = 7 w(¥ 0 E) ). for seme N,
W%E ' :
W e P
wl#) + s < | u(F N By 28 T (i) + 26
pel n=k

Since & » @ was arbitvary,

gméuﬁ}% }jm{%}a
nel 0 wel o

| Therefors, gf is mmmﬁzm @d@ﬁ&ﬁm en F, eofd heoce 80

are {m wgm and  ul ,ﬁ»f?%@m*?@«s;@? o

THEORRY (Extension Theorem). gg A is m algebrs spd

z = g(A), then the Ee@t%@gi&m may zé:a{m + ea(d) is em

isgmetric ispmorphion oBLO maég%g which W@mx‘v@w the mmm@ :

operations. '%ﬁ@mmmm if w is 4o cafh), then for every

jia gs;« 2
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where the Limit fo eaken gver w € P (B} {peei hok,6f0
i b L3
UEI 14

Pa0ss. Clestdy  z. 4¢ limse. Buppose mém = s(v)s Let
Lo ful + [vl. Thes ﬁx ﬁ@%&@&@% in & &m both p end

+ it

v gre decontinupus., ¥ .@sm»@ b= v, and £ 48 cne-to-one.

£ 1

E

I w, 36 is @&%}@ Wﬁ‘mﬁ@‘@ “ g’g’é‘; - 5’%* Then p';

P

ﬂ%@é e BTG m a;ﬁ{sf jy eul beaes by 3‘; zfz,,@;»@%mgf&&wm BEE
» Py aad % ‘- be @me gﬁg%m «%}m gy 90 T in

GBEGs

By 1.2:8, both z sod £

ava mﬁmf pm@wmg
g @mmﬁ%m @:ﬁm &@m@@ @ngmm )

The laet statemiut @aﬁf the ﬁ:&%@mm ﬁﬁm ﬁmﬁm’@ Evom &egwé’s@

3 tet gk be
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FRLOLUTE CONTINUITY - UNLFORE o mﬁi&a&?ﬁi”l@*

‘i’:”lﬂzﬂ:\g«‘

B

i

" . and v are in be{h), we sey that u is ipsolutely

eantinuous with vrespect to v, devoted << v, provided for

ey & » © there emists § » 0 such that

£ ek, ggsm cte |y « 8 Cend thue |ul(® 5 26).

This an ?@@‘mﬁ,ﬁ:ﬁ:m i pi{B) =0, If ¥ i e subset of
Lol (BY=0 ‘

bafh), wa say that K £z gyniformly sbsolutdly continmuous

with respeet to b ¢ Ba(d) 1€ and enly if

‘ aiii@a wCEY 0
Vg (B30

spniformly owar » dm K.

@m@%@m@; i fe dn bald) aad {Eﬂ’;@} i » diejcint sequence im

Ao Then
@ o
[ o lu)dls [ luj) s lal@ s,
= ‘ ey . L
8o ;}j y,mi} @@mﬁ?@xg@@ a@mmmw; We express &M@ fact by -
$m}

v %gmg that every p o m@&} is stromgly additive (or

@w&ﬂé cdvel. Hors genevelly, we eay that a finitely sdditive

fmgmm sh -+ £ (where X 15 & Baunech space) is e-addicive
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b3

‘ﬁ’-n Zwéé

; X s » . o o B 2
2% end enly if for every disjoint seguence {£ }, ia hy
the series . | pl% ) converges uncomditionsily im I

mwi &3

& family R of f.e. functioms psd 4 X e said te be

priformlv g-additive 1f and only Lf for every disjoint sequasce

B} $u A the Limic

ool
P E
e =
13
£

f,

exists waiformly aver u 4o K f.e., for every s> ¢ theve

existe ¥ sech thet

m%?@wﬁ }' Mﬁ}m Z Mﬁi}&iﬁm,mém
Fa

mawiE. Let widd -« 67 be defined by w(A) = X, (AcE).
Then i is im ‘&m{ P 6%y, bue it 48 not sesddltive.

PROPOSITION. XE K fe g fewil y @f $initely additive ﬁm@&:ﬁ,@m

gﬁﬁ% =+ X, thes the f@mmﬂ% five @t&m;mem:@ gzzm Mui@@l@:@%

(1 Ik .;{%% b is g disieint W&u hy thes
£or gvery & > D there exists Eew wﬁﬁ%

i ik . f (R ) ] > O I

nzng el "gﬁ,{%}‘%ﬁ £y, Wi € K.
T : ‘imw B~ SN IR T
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o A"- ‘“ﬂ s o a " &
K iy wniforely s-additive on A

} in g sisjolnt sequence iz A, then fer

s
Mg}& « BB G

gvery g » 0 there exiets K ¢ & such that

B H e fpE }Eé < & ¥u €K

I£ 4;;1{@} is & ﬁ@m@tm@@ fi:m @@@iﬁm geguence ‘§'§' A,

then for gvery & O there mz;i-;s’st@ ¥ €8 such that

R E Ee iiwmﬂ}w k(e ) < e, Yo € R

E} 88 ponotone decreasing sequetcs in Ap

e

theo for avery & » @4 thers exists N €K m@h Ehst

£ A ls

won & Ne lp B) - pEI < & Y EE,

i ©omad o P

& ‘@mﬁ%g@%m end the membere of K ars roumtsbly

itive, then K dg ﬁmiﬁ@%‘ﬁi %«»@,ﬁﬁ%i@@ 4f and only 4f :ﬁ.ﬁ:

48 woeiformly sountahly addl edve.

PROOE. A5 dm 3.2.6.
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ptatements sre @;@uﬁmx.@%w s e
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If pih > X ge finitely sddicive, the followlng four




e e

t3 oy is s-sdditive 9o A.

: 5
fie

Ey
B3
Sz
§a-a-
3

{%_} ie a ddeioiant seguence iu A, then

3y it {%E;ﬂ} is & momotone incressing sequence in A,

Sher  lim uiE ) exists.
b

() If {2} 4ie = mouotone decreacing sequence ig A,

then lim uik ) eziscs.
e o

L.8.6  CORDLL ‘aogg % 1o o fawily of finitely sdditive fumctions

weh + %, ond £ ¥ Le wiformly sbsolutely eontisuous with

'

respect kv some h fp balAdy then K iz uwniformly s-sdditiva.

PROOF. If {E} is a disjoint sequemce in A, then [A] () =0,

end 80wk ) + 0 wniformly over w im Ko

6.2.7 COROLLARY. XTI wiA » 3 is finicely sdditive snd s-additive, .

ghen 1 18 bousded.

o S

PROOF. Dafine psh + R U {=)} by
@ . . :

¢ LYt 1 SR ? L IR EPREE P £

(B = sup{flu(BisF € A, ¥ C B

It is eesily checked thee (B, U B § “;gfggﬁé_p + 2B,
. toon b ':fz.“i &, & &
‘ ' Vg { 3 i& If“ﬁ } L 1 i




“{%mza@

PROPOSITION. I K 4o & subset of ba(A), then the

We cleim that 4F 5 is in A s2d p(E) = =, then

glven smy M » 0 there exists ¥ m A such thet

P CE, [l =¥ ead (==

¥or, eiace L{E} m e Ehers epists heh with ACE asnd

iﬁ&%«ﬁ&? z fu(ef ¢+ M. Tha

le(esadfie [uimd] - 5,;%%&3;@2 z M.

Since ® o (B} & pAY + 0f2\A), we can teke F to be one
of A or (BVWA).

—
pe FERR 4
8y = =, gad by dndes

§§

How if u  4de pot bouaded thenm

we con find & decreasing @@a@umﬁ& {%3’ im A such that

| w8 2 for 2ll w. This costradicts s-addivivicy

(€4) of 6.2.5).

R}

thrae statements m’@ eugivalent.

(&) ' ¥ is upiforely @#aéﬁit“m@‘ on A

2y K %{@ag_&«éa} end K m{ggmém} azs both

v iy i St oot

und. ﬁamlgg Eﬁ*%r%t&i*zi?@ on A

(N § b 4Il|€l'~t,',l EETIE AT AT P S B IR LTS PN

&Y ﬁ?&% = {lelip €8 42 weifermly smpdditive on &aa‘
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PROOF. Usiag (3) of 4.2.4, clesrly (2) = (2) = (3j. It
remsiine to show (1) = (2.
T ¥ 48 not uniformly s-additive, then there eaiste
S %’Z%, ‘ ,{E{“}' a disjoint sequence m ‘A’i ‘t@ﬁ wm} ﬁiﬁ '
Exay fthm: ;‘f{ﬁ Y} » ¢ for all m. For esch t, chooss

Foex, such that ;w (? } > &/2. Thus K 1 mot um*ami?

,.»Z B vo7 L Lok

| pegdditive.
‘ [ [ L X el ik B toid ' LA )
Similarly, if ¥  is not wniforuly s-sdditive, meither
5 B P Y S P NP S b
ia" K.

3 i c

o2 8 mmm Let K ?&m a bounded mbsm af txa(M, am% By gg e

Lr&o

. 8

K dis not mimrm,v peaddirive vn &, Then there exists

6 » @ such that for every ¢ » 0 :heve exists & seguence

{;&}

wel in

K, avd = disjoint seyuence B} in A such

thatz for g1l mn, |

* ¥

@ Ju B « % for aii g = L2, e,
&

(143 guﬁiﬁn} o
and

i e £
(114). fED <%

I
depdl O 2

PROUF. Since K is not usiformly s~additive, raeve exists
& disjoint sequence {A } in A, & sequence fh} in K,

and &8 & w» 0 such that

5
T T 4
[ S




hil=8, for a1l mn.

£» 0 be given.

We define by induction & decreasing sequence

HNw K 2N DNE.D ... of infinite Beid, mé;mk‘immashg\

for

0 1 2
sequence 1 =k, < K, < ky € aee of {:regers such that
every i | ‘
{g;iﬂ eﬁi ‘ i e § (ETYRTRN S o1 ¥ LN RS R | «. 1

in

¥

e

{63 2 f%}»x . ¥e €8,

L
= v £ PR, ooty 1
(e Py A e« —r s ¥ & X,
e
jmg By 4 2d , ,
R ‘

Seart by letting ﬁ - and R = 3. ﬁaiﬁ"mém[ﬁiﬂ

B 1-1 bave been defined. ' )

‘We claim thet there exitts some k> kg, with ky

Reg {maa;h ﬁ’ﬁt hggi (%’i} < ! for iafipitely many
inm N 41 For if not, then for every J im Himy

1> LT I &i (A.) 18 & = for A sufficiently large,

3 5t

and it $411lows th@i:vﬁor ﬁm?” m €% there exists £ large

]

enough that gkzﬁm 3 2% for m distinct A.j’a. Then

y

S%HQ} 4 E% , @nd gince ®w is arbitrery this would violate
a .

the bamdeﬁmw of K. Thus there must exist such a2 k 4

* and we have

i B"‘?a & &
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where J iz ap dnfinite subset.of N 1-1°

Hext, since %)\k | de b-sdditive, wo must have

q i
¥ ,:5{;&?—:»0 a8 b woe
Szé !%ki 3 ’
an: hence
I I, 1ea,) « % TR
j= %ki A ’

vhers I is's finel subset of H. Let B, =10
To ,emgglge'm‘ the proof, iet fhy = ?tkﬁ and ng &kﬂ

for n = 1,2,3,... . Then
%) Es,_;(g)ag RE¢ )"ﬁgﬂ-@» for § = Lieeeym=i
. n! () ?%n& g i ,
since lﬁéﬁﬁﬂw‘k 623“1‘33’?3;

RS {a; é‘f\k )l > 5,

TEE T4 N S I HE ) = 7 In j )y '

v gt B e %ku éﬁkg‘
| S & E A Ty <5

i “ . 1 [ :i ' n’i" f o x'g,|42 R P
oaro | [T [V T

gloce % bl is 4iun Na’
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COROLLAXY. If K 4s 2 hounded subset of %a(A} which is

not unifcrmly seadditive, then there exiets & > 0
such thot for every &> 0 therg is & sequince {%‘ in
¢ agnd 3 ddejoint sequence ‘{Ea} in A such that for every

a
aad
an 1o le =) «:’e;. L
agn B 3

Recall thet ‘ 4 is the Bansch space of all mﬁguwma

= {c }CR with lima =0 and with [af_ = eep |o
BR . e.a 3‘ #, A
z of €5 ie £ iz & petursl way. I o

(L
is in &, them 6 - denotes the 2t

The dual ¢
upit bagie ventor;

1 fm ‘a Yer % ¢ ,{,‘ e kg nE s -
.8, %ém) # ‘%n | ¥e let o ﬁf*mm the subspace of ?9
congisting of ell finitely non~gero sequences. Then e:m

ig & dense subgpsce of qe

THEOREM. Let viA - X be a bounded finitely additive measure.

if v is not s-additive, then thers exists an isomorphism

ou the gspece ¢, iato X3 dn fact, we can choose a disioint

sequence {E t&} in A such that ¢85 = (B &}.




(R ) + oo

o J3 B

R
PRODY. If v ie mot e-addirive, them the aset {aﬁ o v
2 ¢ 2%, ="} £1) s not wiformly s-sdditive. Simce v
is bounmded, there sxfste ¥ such that i‘x@ o vi(R) sM for
ait ="} 1. By 4.2.10, there exisge 5 >0, a disjoint
Hequence {K } din A, und s saguence {x } in the unit

- ball of K such that

It 0 wED| > 6

and Ly

j§n ‘@vi?}&ﬁ Voo

i T R R S g

Tt

(e o [ i v [P T T P o
If a= mu}nwl i i @_‘,,_ let

. b
¥ P ! Vo, [ Ca PR | [ §
L2 !
‘ Coplay s [aivE) = T e wB e,
bod jﬂlj 3 5 3 : L
Lk B o ;t:a:,ni‘ﬁ> ig gt [ fop 4 o

Clearly ¢_ is linesr. JIf fx']l 1, then

fgxwwwm)% g J° %&5[1,!&* @ wéﬁjw P -
i=1

PR {g)ﬁ s Mo,

o that @_ 45 continuous. Note also thst for svery =,

¢
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it
% e S
Ix_ o e (o) %@‘Séﬁ o, o @ggj}g
| & e % ® ‘
& 5%% o yggﬂﬁ ,ﬂ 2% . a,x, © %Ej}k
i 1
& ﬁwﬁgﬁ “lall, I ix o v‘fﬁﬂj}
ifn
z |o_is -l + 3 .

' #
Taking the supremum over all x gives
o (@ 2 2 fel,.

Therefore ¢ _tc_ -+ X is an isomorphism of ¢, ocuto

T e @wm%}* Since ¢, is dense in ¢

o° there exists & vnlioue

extension of ¢_ to & continuous linear map gicy - ¥,

end gimilarly there is 2 unigue sextension of v@f‘ to & continucus
linear map Y cqe By dm&ﬁm g = @“1,, and thus o is

8 mwk&giw& isousrphisn. |

COROLLARY (Bessaga-Pelczynaki). For & Banach space X, the

following three statements sre equivalent.

(1} For every algebrs A every bounded finitely additive

messure wiA -+ X is s-additive.

. 1 {9y
;f;fr M?i rf ‘wgf
Eoam £ el

Tom o o




. L - {2} V¥henever E x 18 & series in X such that
. . o : ﬁ o ' -1 *
I = };~< = for all = in X, the seies
mg%. .
}j&’“ is unean&iaionalm convergent in morm.
&EH

{3) X does pot contein an isomorphic copy of cge

- PROOF. {l} = {(2). Let A be t&m &lgabr& of finite and cofinite

subsets of ﬁi Civen & series 2, % as ;m {2}, defice v om

med ﬂ
A by
( anetoa
¥ {u}r@»eagnp}} m 123' xai
; .; end vi(N\{n&,,.mm p},}, ki % xn%s :
’ d=1 8

Then v is finicely sdditive.

B ] :
How the map from X te &1 given ‘E:ay x* -+ {x {= Mnﬂl
’ is mf«,l«n@afmm, linear, and has g almed graph. Thus it.

is continuous, so that we heve

e : ' f
sup [iv(8}| = sup  swp. | ] x (x|

E€A . i EtA  neR
CRE E fipite
& }: §xw{zz:m}£m .,
uz a o

& 32
o éﬁfn @ b ad »




4o2.14

;

—— fOG =

Hence v s bupaded. By (1), v is s-additive and it £ollows
that Z x -

v{in}) copverges unconditionally in norm.
Cn=l nl :

@ E
{2) = (%) since the series )] x , vwhere x =56,
; ; . pel P ‘ n
is not convergent in g but otherwise satiefies (2).

(3) = (1) by 4.2.12.

COMDLLARY. Let wih + X be a bounded finitely additive

messure. Then wﬁ‘ iz g-additive if and only if for avery
A N .

monctone incressin (resp., decressing) sequence in A,

Lin V(E ) exists in the weak topology.

Tiepeo

)
?ﬁﬁ@? #. {QE &g ér ?;r L] 5 @

. If ﬁv is not ﬁ*&dditw@-, select a digioint sequence

&} < A and ap isomorphism ¢icy + X such that ¢(8) = via ).

Thm 3 g G e 4 i ‘ HERE ) P PRI TR S B
o y P R . R
‘%‘% ' }‘ - SI {3 )
p() 8)= ) wA)=v A).
ngi L ool B =1

m : " .
Since wk-lim J 6, gosp not exist in ¢, and sluce ¢ 1o

an isomorphism, whk-lim w( U 'aﬁ}, does not exist.

P i [ pepebat b

s i
[ A R Lt v TR B R IS TES EEPEE RS e
) IS
& " oA
&f T jed
fﬂxﬁ»"w,&fﬂiﬁ




T

4.5 IHE STONE COMPLETION OF AN maﬁm
N i "l‘z DS i [T I R

4.3.1 Eaet A be any algﬁhm x»f mubsem QE s set 2.

i

., Let Q(} be the set of all {mijwva&u@d finitely asdiitive
mesgures & on A such that e(8) = 1, and gve QO the
topology of ﬁlemem;wise ,couvergmce jon 4 E’he; @0 I8 a

‘ci.wed subset of '{6 1} and 8o 9. is & tota B.y i mwunwmd

0
mwpaazﬁaﬁaﬁmfﬁ spac%., S ,k” o

: g L9l |

‘ Defixw w.A«» 2 w ME} (e ¢ 2te(Ey & 7}, We show

‘khat ¢ 1is a Baolaan g_)ﬁgebm isomorphism from A4 onto the

‘algebra of gl«apen subsets of Q-

(1) ME) is s clopen subset of R, for every E im A.

The map E:Ry+{0,1} € B given by H(e) = c(B) is

aﬂﬁtiﬁmmus on 530 Ey the cholce of topolopy on Qz@u Hence
ey = & ﬂg,zn = ﬁ”‘”ﬁ:‘, 3D
48 clopen dn @%.'

€2} ¢ is a one-to-one fuuction.

If T #F, then there exists x in E A ¥. Then
‘%gm # nx(mg where e € @, is poirt mass st x. Hence

w(E) ¢ o(¥F3.
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(R}

{3} ¢ is ﬁﬁ &lgebm iwmmﬁ&gﬁ @g 4 dnto the algebra

Ag o of cloper sets in e

Given € €&,

 het

: Aﬁf“ {E € A:e(E) = 1i}.

Then Ag is & filter in A («losed under intersections

and under supersetting by memburs of 4) such thet if B

ig in A, them either E s in Aa or S\E is fa .Aa.
lehave ¢ €o(E) wE€A. 1£ E F arein A, then
e EolENP) «BNF EH -
: &
ok and P are in A’u

w g € o(E) N o(F),

80 @(BN F) » g(E) N o(F). Hex,

£ € o(R\E) » e(R\E} = 1
“e(@ =0

f v
@ s
# 4
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rvones f{;}"}?‘”w’
go @{Q\E) = QG‘@ (Ei. It follows that ¢{\F) = (B} \¢{F)
ané  @(BUF) =~ (B} U ¢(F).

(4} ¢(A) is the set g;f_ all clopen subsets 'gg g

By (3. 4&(&) is an algebre @f clopen fei8. Le: r éemm
the collection of all ¢{A)-gimple functions :ﬁ ): @ X
quy Lo(E
Then Y is a m;bsaig@i:r& of C(@,), it seperites pints of 2,,
sod it mtaﬁna the congtant fxxmtﬂsmss, w e &m@mmmm@w

thaoke, Y 1e undforaly dense fn (g, }9 ¥ AC Q in

clopen, then %, ig in ©£8.) so there exiits 7 Z a
A o i T g ¥ (Ei)
dn ¥ such that k - '
‘ T Y | oo {
B R A I i
1} aX ,oafe) X {edlieT s Ve €R,.
i=1 iﬁgsﬁ;&ii o - ? i i »,%f i

We may sssume {@s( },, \”,xp(ﬁ ¥} formas g pm‘ti*‘ jon of 52.3

 end a, ¢ fm: iwﬁ,ﬂ. I AN m(v}’ﬂﬁ‘}?ﬁm say

%
e € AN KME:&}” then ;

1 T I , : 3
'};.;‘P i}: aixw(ﬁi)(ﬁ)“ XA{€}§ 4 iﬁi“li b d a‘i - ?{ b

Now if ¢, € o(E,)\A, then

4 > [z aX o (E, }éa}} X, (g | = o0 “‘%"‘%”

ﬁnd follows that A 01 M}zi) ¥4 o8] C A Thus

oy
m

4 =

C

{p! Ei} sp (B EXnaA 8} 1¢ 1p g4,
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Therefore, o4 4~A0 i8 & Yoolean algebra isomorphism

of A onco the algebra ¢f all clopen subsets of the totally

disconnented coupact Hausderff space 24 - The pair {Aﬁ,@) '

will be a&iie& rhe Stone Snmplétiwn of 'A;

‘maém thar if ;“zA:f7X is‘fiuitgky @d&&mive, then

s -l
o = 3 0@ Ay

] v

+ % is ‘f}iﬁit:ely additive on ‘A‘G ‘and

| SRR Sog oghal vy “
. L o : ¢ taoog
% i i . % % L T R Y 4 B Ty B me Py o i
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: HEE : ] g
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WEAK COMPACTRESS ~ CONTR(. MBASQRES

Hote that if {0 ,9) 8 the Stone completion of

G then the map y @ gw“i i an isometric

isomcrpnism of bali) onto ta(Go), ba(do) = cs(lo)

by 2.4,11; sad by %,12;5 ee(Go) im isometrically

1~smrgﬂc to ca(R((lo)) umger r'g“ Hence ba{()

‘:zs iame*ricauy isomorphic %o ca(8(0o)) under

s (;&w ) ; thiz fsomorphism also preserves the

»M.%ﬁm& memtims .

Treorem 3.2.16 gives conditions for wesk compaciness
dn ca(@(p)). In order memy these results over to
ba(C), we ghall need the faiﬁ.wing b Lemmss.

Az in §3.3, we say that & member 3 of ba (i)

ig & {uni‘orm) control messure for & subset K of

be(G) provided the members of X ere (uniformly)

abeolutely continuous with respect to %‘M ‘ '

LEMMA, If Ge is the slgebrs of clopen subsets of

& tobelly disconnected CT,-space (p, &nd if

¥ a&i(é’if(m)} - ca{Gs) iz the restriction mep, then &
set K Coa(B8(No)) is uniformly countubly additive
o B(fo) if snd omiy if »(K) is wiformly s-additive

Ty

(o

R,
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TR

CaTRCh.

o,

o 2

w;’f;'»"”

| PROOF. (=) trivielly.

& .
(e2).  Puppose r(K) is uniformly s-additive
A ;

on Go. By 4.,2.8, it is sufficient to consider only

the case wihen the members of K are non-negative.

To prove the lemms in this case, we first esstablishk

the following fact. If C is any compsct g,
i, then for every € » 0 there is & clopen set

Yo C such ukm WV \C) < € for all b in K

For let Ga"l U, where u, '} end each U, is

en open Bet. Si;::.ce Cﬁ is compact and (o 1&

totally disconnected, we may assume each v, is

. - ) PR SO SR
L Ty ﬂ% < r{g} 2 e g 3 LY

e i
e mau&w g=additiv #

e % A B o R i 4
%%_g B {Uﬂl = 1(C) uniformly over in K.

How mm:@m K iz not mif‘m.ly countebly

additive. Then t:hem axi% & disjaiut aﬁqtzence

{E} in ﬁ(m}& asaquema {u,n) in K, ‘R4 an
€ >0 such that

(B > € , Yo
By regularity (2.4.6), for esch n there is & compsct

G, set Gn euch thet Qn":‘.!}n and

&
i‘n‘{anﬁ »E s {?n.'

S R L '
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o

: Ohoons g Ql'open get vl Buch thﬂt Clc vl and

ey < ,
piva %G ) « /b for all 4 in K. Hote that
| VE.' G;’.’.‘ Xv'a C., Y

. :
G R
-

33, % } > ‘ f &11 W e
G v 3—’0" ¥ A ¥ by U L)

Next, choocs ¥, elopen euch that

T | gor ¢ll p im K. Hobo that

P T R VY0 \ (W U 6 N (Ve

e drsjoint cmp&aﬁ %"B, pl(vl:‘; " &

v e B i ge : K Igj ;'3 fm.

T o v)ﬁman&umw\(vuw@‘é@"~~‘
eld » » 3. By induction there @ o digjolut sequonce

17V o Taseee of clopen saty gy %ﬂb uam(‘/' ) * '/2
e gld D, This controdicty vie wmmpmm thet

r&\} ig wmiformly s-additiv on Go.

W3, 1B, I o md G sres inkb.2 end if K
. 18 & whoet of ea(B((w)), faex A6 es(BP))

is & (y \Lﬂ‘@“fm) *em’bmﬁ mmzxm e L K if and o only

iz =(1) %@, g.. fmiform) sontiol weesure for o{K)e

Py LIRS ]
o

‘
o . ) oy , . m’?”"’*
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g f.f f‘«é{ﬁ’ P

PROCF. (=) trivially
(=) Let p bein X and sippose for every
€>0 there exists & (c) >0 wch that E €0,

i%iﬁ(E}“n' Gu{ﬁ} = WiE) ce.

We show that this same implicatim holds for &

in #(me) snd h[{E) < %(e). ‘Let C be any :

campact G vmn CcE Then [rj(c) e:& (€) 8o

&

by mgulm*i*&;y there :5.3 & clmmn set F €4 mth _
ceF ma W) < e); mnaed;_wg;}:g €,
80 i MC} < €& By regul.arityg i W(E) = aup { i\p‘l(c),:'

G ccmpact &:;&g GC.&} *:@;.

THECOREM. If K is & subset o ba(G), the following

three statements are equivaler:,

(1) X is .ondition&flgg weakly ﬁ m;“gact in ba(Q). .

 { Q) K is bounded and mifom& abmlute];i ecm%numm

wi*‘&?z respe:ct 'ﬁ'.e some A in 'b&(ﬁ)

(3) & ?j;g bcmn&ed and uniﬁ‘m% ﬂ-a&eiitive on G

PROOF. Not& 'ﬂ;hat ur {ﬁ ,m} fm ’i'.he S’tcma ccmpl&tim of

G ‘then each of (3.),, (2), and ( (3} 4is equiv&lent *?w the

corresponding ,s*baﬁ;emw'h about K.L = «{;;, = @ }”., p €KX}




L

ag & Ezﬁbset of 'b&(f{?b}. By the :E.emaé and l;al,%
each 02‘» (1), (2}, and 3) is equivalent to the
corresponding gtatemer: sbout r':‘%'(Kl} a8 & subset
of c:é.(ﬁ(ﬂ‘)}# An‘apgs::arzatiéﬁ of '3.2.16 éampletes :
ihﬁ:,ﬁr@afa ; § : Lt L
i y

kb5, COROLLARY. If T = I(t), and if ¥ ic & bounded

P

‘subset of ca(f), then X is upiformly countsble

sdditive on T 1if and only if r(E) = {4]G:u €X)

is wiformly s-sdditive on @

,,,,, ' T T = - R . sl e B R Y w
o : %.4.0,  THEOREM, 7If ¥ iz any subset of bal{{}, then

following four statemsnts are squivelent.

| (1) K has s control measurs in ba(z).
(2) fhere ds & sequence (i) in K such et
, 1;.,06 , | | "
% ow n'§1 B Py

S |

1

is & control measure for K.

1 [

(3) Inere is & control measure for X in .EE(}{])W

(4} The set of control measures for K in (k)

-is dense in EE(K),




iﬁmgﬂw?e

sz&G‘gﬁ

PROOF, As ‘n the proof of k.h.b4., using 3.3.3.

COROLLARY. If K is & conditicnelly weakly compact

snﬁmeﬁ of bal(G), then there exists & uniform control

megsure in co(K). In fact, the set of uniform control

measures in co(K) is dense in co(K). Every control

meassure for K g.g 8 ari form control measure for K.

EXAMFLE. 1et G be the algebra of finite and cofinite
gubsets of N, and let hy denote pd:s,m; mass &t n.
Then for every E In G.,.

0 if E is finite,

¥ we0o

1 4f E is cofinite,

exigts., HNote that {u )} is mot uniformly s-adiitive

on G -({end hence g does not coaverge t0 B
waam,y)y and p is not countably adéi*hi';re; Hence
obvious coanjecturse for genem},im‘tianﬁ of 3.2.8,
3.2.9, snd 3.2.11 fail by this exemple, However, see
5.1.8 ££. below,

o A w«w.
¥ ;!
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 of Rosenthel t2ses, Lemma

e ff =

 R.4.1. REMARKS AND REFERENCES

The resulte here are ﬁl&aaiaalg‘a&@‘quw Dunford and Schwartz [1958]}.

‘~ﬁ.@.2a REMABKS AND BEFZRENCES

(l) Xt should be emphasized that for ﬁinitely adiitive meaaureaﬁ

r—

; ﬁﬁ% 48 pot q ivelent to {Ws = 0wy (EY = 0.

{23 Kha impotta&t ﬂmtien of a«&é&itivity Wag iatroduced by Riﬁk&:t

7E19é31 who used the term "atr@mg bcundednass“ for ™ ~bﬁunﬁedn¢ss"). This
ntﬂrwinaiugy ia pfev&leﬁt in th% 1htaratnre, but we prefer "svadditivity".
‘;Another~t@rm;m£tea;uaed is“exhauamiug  Corollary 4 2 7 ie due to Rickmz&

{1943].

(3) Theorem 4.2.5 (4.2.10) is a modification by Unl [1973] of @ lemme

1}. (&nsenthai’a leMMﬂ is, eamanniﬁlly 5. 1. 14

kkbalmway This thamrem seems to b@ ‘the b&si& of the so-called "slidimg

,hum@;m@thnm” Qf“PIDﬂfe

(4) Theorem 4.2.12 (4. 2'13) ie immedlate fmomfteauita of Bessags

amd Pelezynski {1953}, but thair apylia&tiau to ﬂmadditxvity of vactar

:ma&anraaVW&ﬂ fi:st‘gbaarveﬁ by Dieatel~{l@?3(a}lf The 9rnof here is from

thl {19731, In comnection vith this result, see slsc 5.1.15 and 5.1.16

below.

(5) Coroliaty 4.2.14 followe quickly frow results of Kluvanek [1973].

The prgaﬁzhaza is from Ubl [1973]. It iw‘a@%eﬁ‘im §5.2 that 4.2.14 is e

genevalization @f‘m basic theorem of Pettis and Qfliga (5.%.4 balow).




| R4 GIMARRS AND REFERENCES. '

Addicvional ‘R&femmém ~ Brooks 118735, ,Hmffr&mﬂmﬁmgmam {18711,
‘ ‘ i

R.h.5. REMARKS AXD REFERENCES.

Tie result here is o basic’that it is now part of the folklere
of sualeis (see Dunford and Schwsrez [1958, p. 3121); it goes back to

Stone [1237].

i . f ’ ; ‘
oy - i 04 SR COREE ‘ I B ARV PO

{i} The ides of using the Stone compietion to carry results sbout
f " . N B . T g y sy B R ] . E [ 5 i

cally to xesults about ‘bn;iA} oseeurs in Durford and Schwsrtz [1958, p. 314]

where the ejuiveience of (1) snd (2) in i.4.4 is obtained.

i

{2) Lemma \%”,é,z {emnd 4.4.5} #amg to have ‘been flrst pointed out in

 the literature by Brooks [1971];, the proof given here is "m’md@m‘qt and

i

elementary then thet indicated by Brooks.

{3) Theovem &4.4.4 is intimavely connected with 5.1.5 below. BSes

R.5.1 for refevemces for 5.1.5.

(4) Theoréms 4.4.6 end 4.4.7 ate due to Huff and Morris [1973].




