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3.1 VARTATION - ARSILUTE CONTINUITY

3.0.0 If ps =B 38 .8, 8 g8t E €L 1s seld to

be & popid :%m domain ,ﬁammmmﬁf@ﬁ;ﬁ aepative dopain,
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muil set) with respect to p yrovided EDF €3

implies wi(F) > @ {mmw wlF} é;()g.g;ﬁ?} m 0). The

p@ﬁmw@ Gomeirs (m@’"‘%‘@ domaing, null gets) form
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12 PROPOSITION. J£ pt D@ s» CoBey 1 E s in

T, wod if  u(B) >0, Bber there sxists & poal 2ive

domsin. P CE guh thet (P) >0

FROOP., Suppose mobt. Let ny be the smellest positive

-
integer such thet therc sxiste B, CE 'w%h % (El} € w
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such that there exlste B o E % v { iﬁ“ 1 ) with
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(The Babm Dscomposition Theovem). §§

@E; sete Aa B &7 m@%

Wi Lre) Vi
?fg‘;g P <

is ¢.8., then there exi

thet (1) & 4 & positive dowain, (i2) B is & negstive

ANB=g, smd (iv) AUB=Q. Morsover

4 and B sre unicue vp Lo mull sets (i.e., if Af and B’

is srother such peir, fhes A A A’ end B 4 B° are

pull debe, )

PROOF. Iebt 5 = sup [p{®): 48 & positive damsdn];

snd choose F ‘e w(Fy) P 8.

o posliive demeins sueh thab

et A= LT . Then & 1z s positive domein, sod

so plh)m e, Let BeQ &‘& A. Then B must be & negative

domein by 3.3.8. I A% B' ape snother such peir; then

ALA'asd B AR arve both positive and negative dowains,

hepce bull sebs.

CORCLLARY, IE et T~® 18 .8, then p 45 bounded;

i.6., p 48 in o2 (D).

CORCIZARY, IZ ps B~ X i3 g.b., ¥oere X is suy

Paneck space, When 45 bounded.
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PROCE. By the unifors boundedness prinmciple.

?@3m»én If é,é; i@ :m @3&&%} @m& vét‘g ﬁ L 88 ﬁ)}u’? 3«:&55535 :ﬁ»@%

"'év
. {4 o (: $Jg‘§
gg’”@;‘%;f; = g {0 B) (8 €1).

- Then ;ﬁg s Bod jp sre in ae' {5 snd T J ‘
 The fecomposition u = ;ﬁ‘w w  is esllied the Jordem

decomposition of p. The measurs ig;y@ is éz&’@mm Ghe

(botal} veriation of u. The ({%m&w var %sﬁ,@m BOYH,

of 1 is defined o be Uhe vesl nwber Jul = Mi@% |

301cT.  PROPOSITION. (1) wE) = eup (p(F): FET, F CE)
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o(E) > £ (a nE) -

¥
& o

for all B in .

s
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i Ef&? ¥ Wzm {seome £ €L (1))
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: . : o T i
e shew the existence of § dn L {) esatisfying
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COROLLARY, The weristion pomm ||

hewe ¢ < b, Tmas ' ie 4 dpper boind for 0.
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and we W:im o show pguslity. 1%@% “fﬁ?h&% if g=pe Yoy
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3:L.1%. CORCLLARY. ﬁ‘ ca(Z,a} deactes the gubspace of

@&f“"“ﬁ* consisbing @f 231 g fopowhich W{E} = O = ME w G,
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isemorzhie vo L(), where u €ea (L) corvesmonds fo

B
£ €L (M) provided
o B !
wlB) = Jf3h , YE €T .

SRS PR
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RYBRCTSEE. (1) Snow thet ca{¥) im a vector lsttice

4
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o) Shov thet Lf § ie any eet, thew wm(0) 4s

& wecber letbties 4F ¢ : 2 é@ weens thet o= 18 & gv@@&m@@
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;@X‘a@%‘? "@%m% g = @ §.§
{(3) In emercize (2) repilace m{w by olm,

whare 0 de o cowpest Ususdorlf epece.
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fhere exict £, B €% with ATBes# AUB=

lnild) = 0, and Tul{8) = 0. Frove the following.
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2.2 CONVERGEHCE OF SEQUENCES OF MEASULES.
C3.2.1e  There -mfca three notions of convergence of sequences
of messures -Egé;ﬁ} ¢ eall) thet are of imporcance to us:
(1 @ﬁ.mgzwm& emv&rgemmg 4.8,
¥ (8) » u(s) for svery % dn I .
{2) weask convergence; 1.0, s Mgt M
weakly in ca(E) .
i?ﬁ ﬂm @@ﬁv&mg@ﬂ@%; im@@y @aﬁn il |
et |  dnehe {[of] - for the [} |{ ;) newm.
Clearly (3) =» (2) m {m = p is finitely mmtsm_
The mmﬂy @f these imvolves mrmin unifors behamr
charscteristics of the members @f the sequencs, and we
first consider them,
Since some of m@ following @r@@m are unchavged fov.
‘tha cage whm ﬂm range @ﬁ the measures lie im a :Bmmb.
- Bpace, we amm &nﬁ pw@% them in this setting. k
Throughout , X :&3 & Banach space.
3e2e26 Given A & nop-negative member of ca(Z) , recall
{ that there ie 2 meturally defined pesudomerric @ on
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3.2.3.

&;zm,e.’:? .
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Eooglven oy @A, BY = J{A L 3) (oee §2.2), With
¢ spece Ju which

the set op : ave &1l contingour. We may that &

finitely additive function ¥ s L X 48 i-continuous

gt W e b 4F it is decontinuous st B o A& family

N

pf f.a., Fuperions Y2 L+ X% is

4% eopi-d=gontimuous gt B e I 4f end only if

ey

Fot L, 408, By ¢ 6w [fue) - u®| < ¢ Ve B

{

(42} egul-ppiformly-i-gentinucue on L 4f smd only
Yer036>03
B, Pa B, d(E, ) « §= [lu(®) - u(@r|| < «

V@ﬁ\ﬁﬁ:t‘

Moreover, wo sey thet the fémily K is weiformly -

countably adiitive provided for svery decreseing

m@mmc@i ﬁﬁmim im I with n B = 3, Ver 0IN 2

&

o2 N e ggw{@;ﬂ}gﬁ g o, ¥ @E € R .
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PROPCSITION. Let A be & pop-pegetive mewber of ca(l) ,
.4 . L] :

and lez X be a family of finltely additive fumctlouns

U Ze X o Then the following three steotements ars
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(1) X 4is egui~A~conrinuous £t some E im I .

{2y K is equi-A-~contiouous 8t ¢ .

(3% ¥ is equi-uniformly-i-gontinuous on I .

‘¥oreover, (1) - (3} mpl}r

{55} 4 éﬁ uniformly o 1} addicive on on r.

PROOK. (3) =» (2) => (1) clearly. Suppese (1) holds.
Giver ¢ >0 choose & > 0 such ‘that
Bel, (s LE) < 6= fluem ~ wE || < %»
YpeR. '
If Ael and MM <8, then M{E v M&EE MA} <6
and A[E \ AYAE] < A(a) = & , w0 ‘
'Aat,A%>«ﬁ®%w“MEﬂHMAum—um\&N!
= [Juta v B) - ue@|j+ @ - uE\ wj|

€ . . K ;

Wext, 4f C, D are in I and

&5 a8 D) = A(C \ D) +A(d \ ©) ,. than for all
podn E ‘ ‘

flu <s}-u(n>i Jute v by = u \ e}

| Hue@c \ mii fi@fﬁ Vol

Hence (1) = (3)
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Finally, 4f (2) solds and if B ¥ ¢, then

W::»— Q 6>0 end I N auchmat

B2 = A(E) < 8= géy(%}sil <€

Rence X is uniformly countably additive.

3.2.4. CORGLIARY. If ) isdn ce'(T) and if U I+x

:I.s fimd Hzei}g adds %ive.,. chen W i A—gentinu@f:ﬂ at ﬁam ’

E <y is A-cemtinu@w a5 f}x <= . iy mifsmlg

A-»a:@ntinwua <ir yr < ;, =>4 ods countably M&it‘.ﬁma

vl L e

' 3.2.5. : H €1} - 53) @f 352 3 hom, va sim@ly say

4 Wb

that the mambaw @f &’ &re unifﬁem 54 abwlut@lg gon~

tinuous with respect o A and denote this by

; : ' C o Lo b e £t
writing ,
Cidm u(® ‘o ‘wfzif@mly{éwr u dn K,
A(E)"Q [ ; “" “}4' B ()
or simply [t .“;r.l&,«:g:n;,,;n‘r Cuk i
. dm RE) =0 . : ‘
Az . o ——

3.2.6. ,rmrvbsx‘rixozé, If K is any sibset s ca(i, X) ,

[SEERT R ST LR I

the fcoilwi% six xsmt:emaﬁtl m:é aguivamm:g

bt ! 3
(13 I£ {Em} is ,__ai_{faif.aﬁcint‘ mg%mg, g.g_ E, then

for gvery ¢ > O there gxists N ed\. guch that

ez b= || I pEdl|<e,Vuek.
‘ = imn |

wwy an BE
N
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every & » 0 fthere sxiste ¥ ¢ # such thet

%) z£ {8} 4o g monoioue incressing sevuency in
' h : ‘ Fraaat 4

L, then for every & » 0 there exists R ¢ @

such . Mg&z

®, 8 2 Hes | @M’E} WEI e, VpeR.

i . . ; ¢ i FREREDE S TR ‘

8) x£- (B} is 2 mowczome decressing sequmes

do - I, thes for every 2 > 0 thers exists K e ®

guch thag ¢ LT T P

w, a2 H=> || g (&) -y (2

mﬁé% < ¢, Yu 51?:,‘

(6} K‘ is o f@ g sountably additive en I .,

¢ e ﬂm«m

PROOE. (1) (2), end (1) = (3) trivisly.,

L Yoy i £ 3 R ; - Sty

L o then for

et

m’u g;? R
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3y =% (13 ., Supvose {E } de & disjoint
. 4l

apguencs ené that (1) dose mot hold. Then there

exiese ¢ > 0 such thue for all F there exist

foa

o

R

m, 2 n, 2§ with

in % . Tuke N =1, chooss m,n
n ‘ .
as sbove, sud let ¥ = v E, . HNext, choose i
P gy ‘

i1

By by ae above, and let

bR
* m +1

J o Q. i ‘7;,1 : i iy e
\ ‘pequence B, ¥ oo . o suth chat for evary &,

=8

He @ 3ll z e for scme u is K. Thes ()

¢ 4 %0 el

camuot hold. iy ‘

4y = (6) . Buppose E +. Let

) [ :
[ 1 iV ' : 14 } v % iy . ”

5 - ,,' ;o TP | . : "
L E&wﬁﬁm . Then Eﬁfi«a E’m g are disjoint, s8¢

by (L) fer-wvary-i1¢ > 0. theye existe N.e ¥ such




3.2.7.

3.2-7

thet m > m 2 N implics

ANy

>z w@ ] = ey - ue |

Hemn

(4) > {5} by @:@znplmnmmwg

'_ (53 = (@} clearly, and (€)= (2) by definiion.

e
e {;;; {g"""“*

THEOREM. Let (X%, d), (¥, p} be ,gseudomemn spaces

with (X, d) complete, let _{fﬁ}:? be & sequince gﬁ

contiauous fuoctione on X to ¥, m«i suppese

£ (x) » £(x) for every = im X . Then

A={xe¥:{f]} s equi~continuous at x 1

is 8 maiﬁu&i set ig X {i €5 & 1is: the c:mp;amm:

of 8 set of fﬁxst camg@gy 3

i 5 TR b i

.PR.OOF., For év’ery e >0 , let ﬁe - denote the set of

all pamt«w a0 fo X such that theve existe . § > 0 .

(depending on x ) such that’
7, 2 en@m = Bl ), £ 00 <, Vi,

whem B 5 (=) iﬁ the @gxw ball centered at =z of

redius & . Clearly ’i? iﬁ open and !f 3? ga' €% .

We will show thet U, 1s demse for <> 0 . Thus

[ T TS N S P B
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o g ;ﬂ U e et H ‘i, i (%} H [REET T T
e ks ef ) '
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in e reglual set, If % 4¢ im B , then for

avery « : 0 there emwist 5 &> ¢ much that

< &= (I (3] fiﬁ{iy’}} <€, ¥
fieey Af . ds a{gmwzmwﬁwm at x_ . Hemes
Bed, s " :L@xw:‘&ﬁmlw
‘Thus, it s sufficlent ©o show U is domse
for srbirary ¢ » 0. Let B be any opea ball
in % . Weoee te shoew ¥_ 6B # ¢ . For
Wy 1w Ly Ly s oo e s ket
e e e s F ¢ plE {2},
&:ﬁég% bocky R S8 E R NS YE”&»-?;‘-‘ % &
and et
"3;» R %lm o
¥opazp
Lt
Thes ¥  is8 sloned, ead by hymm@fw@ Be u B
p it I
P i
By the Baize category theovem, 3 p wuch @;hm %
@:@mmi{m B m@mwmm rel mm&iﬁ? open ball B # B .
where 1 18 aa @@m bell fn X ‘} . But
B i T 33*“} ﬁ aB % ¢ . Thas . ‘Eﬁ conteing some
open. mm ?%m{zz 3) € B . Hemee
[ ) i v
wi o€ )
(o 31 < 8= pUEG v), £, ) Sg. Y mBiE
i s b + 1bs ] 1
|3 t
; § . v . " W




T

e kjﬁ%ﬁv
3@2”‘@
8dnce £ ls contiaucue 2t Z_ 4 :, e %a‘zﬁ ng &
if pecessary, we msy sssume 5 ¢ O end
e . owh € &l nlf (x 3. £ Iedy
ﬂﬁ?ﬁ@w Yy € G = w”ﬁﬁ%&faﬁga E”:Z?}J
M .:zf %9 f = Ef% * ,Mw {*fz Je %&?}}
+plE (v, £ 0r))
g B
€ B,
< fé,‘ ¥ Vo S B e
v ; bgain, by vedusing & 1f mecessary, we ugy Gosume
§>»0 emd , ‘ o .
. 2 |
dim, v ¥ W < g e plf K&: ¥o £ (zﬁm Voo
Thep i +i .

v, 2 ¢ Bglad == plf m}ﬁ Ela)) e 5 ¥m,

and se =, iz dm, ‘!33‘& f §§ 8

3.2.8.  OCLBOLLARY. (The Vitsli-Hsha-Gake Theoresm). Lt

A be g nopn-negstive mechsr of .cuf(l) , leg. X

be & Banach gpace, gnl for each, m , let.

’m ¢ L+ X be countsh 1@ 2dditive and  hecontinuous,

s LN
¥

If for svery E in I 5 {3’ {3@}} | ComvergEs 5o

SOES ﬁ{%”;} s then ﬁ& } is umiﬁ@miy a‘é:x%mmig

goptinuous with respect e A . (in m:'m@wmga

¥

the o

{u.} ie wmife mj,y covngably addltive sod 89 W 45
‘é’*‘ji Pt v [ascand T

Vs B g

Wy Ly se s b . X
countably addd t«fﬁi@m} e , '
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COROLLARY ., (Wikodym's Theorem). Let fu )} 2
LT
. e ij oo : ;
& seguence in cell} such that wﬁw@:E}} . SORYRNes

e

to H{E} € B for every E g&“};’;» Thep 'f:fun} is

vaiformly countably additive and M 34 in cafl) .

o

o i g
| ; ] é"’ag N : }}@
BEOOE e R e e > T ¥ LI
@&j"w o Let ;‘t‘ %::2‘;?2 ig%ﬁﬁgé o ‘m%

SR o T o
cu (5} snd ¥ << A for every poe |

 THEOREM. (Nikedyw}. Lot K bes subset of ca(f, X)

guch that for every 'E iz I

Then ¥ 1s uniformly bounded: f.2., sup sup 35%{&)55 < o,
. BEZ vEK

PRODE. It iwlwvﬁmeimﬁ ‘2o prove: the theorem when
Ew @, for in the genarel cese we can copsider the
set K' = {xt o v :veR, =tk Ey |far]| 1)

Thus we aseums X = @& .

It s mﬁ;ﬁﬁ,ci@mt £ pwm& that em arbitrary mgum@%

{%}Zm in K e undforsly bousded. Define ) e es’ (D) -

. }t{é} o g‘m- Eiﬁ?
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and copidder T ase complets g;»@-@szzdémm@ﬁ;rm mpace
wﬁ&h @g%ué@wm@mﬁi@ ;§{%5 ¥} = A(E ﬁ‘ﬁ?k (52.2).
Let »
.ﬁm:w’iﬁ ¢ L 3%uﬁ§ﬁ§§;§5ﬁ for all = md, B, e e o} s

B

Then ‘ﬁm“ﬁ@ d=closed fn & emd E® v E . Iy the

=y
Beire categery ﬁ%@%ze& chere existe & pat Bé € b
and an ¢ > 0 such theo
Mepoasyge= hy®{gm o Vo,

for nome fixed integer m .

By 2.2.7 and 2.2.8 there ﬁ%ﬁ@%@,&‘ﬁ“m&ﬂ@ﬁﬁﬁWW~

By o0 v s gﬁ}’,aﬁ» f suvch thet for eack I either

g¥-

k{%i} égg gr B, de es atom of A . For convenience,

aspums B, o« o o K 8Fe agoms of A with

gl =l « o ¢« 8 p} .

1

‘Note thet simce Eﬂ(i Ly o o oy DY 48 an atom of A ,

it 48 siso sn atom of |u

ng‘;f@m amy wm . Comsequently,

4ifF ¥ ok

" vihen elither

e | (BNT) = 0 or ‘gwaggﬁ} = 0, do slther

L ongR) =0 or MM = 0.

b %
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To perticsisr, ¥« By = 3;;2&{?‘}% < lu B for

gny L9 Iy, ¢ 0w p ¥ gl BBY B e
Mow let E be apry {ixmed member of © , end let

¥, = 0 By (L@ 1, o0 0 p W o ¥y the srevious

peragroph, 4 154 5y, thes for every B =1y 2 o 5 o

e lsh e s lu )] <® .

. Them AfB_ 4 (B UTFI) = mé *\ B £ Aw R .;e,,mﬁ €y
zad Ms BB \ED) = AB, 0 ?i} ﬁ{f } < A(B,J L€

gud o for all e ’?Lr,, / RRR g

PRI éuﬁm@ 4 E?izé #lu N ”‘fﬁ% 2, o
Thergfore, Eor a@ﬁi?. n ‘

£

Et‘%‘ag

fu ) £

i3

F el + el
Lep AU gy ;m’ i

5=, (m-p) +p mex 6Up E%-ﬁki }E
i%ise ok

wi‘mw& the xﬁbght mm& %ﬁaa of mm'm@a«gwmw ie aﬁmﬁ&m

- and mmgmmgmﬁ,wﬁ o &nd E‘ .. the set, *ﬁm } ois,

i
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CPROOF. (=) plmce v w{E} de ia eall} = for

avery B dm &

ey, Guppese 1y ) ¢ ea(l) 4p such that
i . @k H

3 B 3 i gis ‘ i o LA
i, (B » uiEs for every B im & . By 3.2.348,

: {“éi,} 45 wniformly bounded mnd heoce bouaded im the

warincion nore by Sdd.il. Let

o
- T .
Bom g wmm(m% .

Yor every n theve axieis :‘:‘iﬁ dm L €A} such that
1 E B e i | o F B e o ’}:’g. . ﬂl uﬁ % { R
b = Tyt a VBT Bame slao u<<h,
; LR ‘ e e, D
there exists £ o ) such ther w(E) = J gt by o
Yg el . mote that by R.1.1%, {£ 1} 48 uniformly ;
Sl ~ wame ‘ |

boupded im Lﬁfa:m o BEY gg%gg&r M,¥m2 @v i

Since Mmgm' @ WiB) for eil Eg f,i‘fﬁ‘g@ a A @ f }ﬁ@ gd A

4

-~ for every simsle fm%;iﬁ;m@ ~ Bince the simple funstions ars

B

o . % :
L =dense dn 1@ @s? o J 2 BE R JE ndd for every
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s ol
fé’@?f@ Vel

B, ¥ €% {xﬁ} CORVEERES

Be2o 1k, m@w 1, eefl) iz weakly complets. If A is dm

o g i e gl cas

st ' B Ay : X
es {£) . thes LA} ir weskly complete.

a B £ i FEREVEE &
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b

] ; i ,ﬂ
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«

By 3.2.9 the limit

; and by 3.2.1L, By rH

waakle, A TR I S EERR T | TR S R e
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3.2.16

Ve Tatay B
Wk‘ﬁﬁ@ax ﬁ; ol
o

3&' 2‘”’3},& ) -uwm ‘é,\é m ..mf

¥ 4ie s egubset of eca(l) . the

following tiree stetements arg equivalent.

(1Y K

A5
L
pi ) :
-

is comcitionally weakly compact,

. S et L 0 + '
ig bounded ané there exists A in ca {Z)

puch that K is unifozmiy absolutely com~

tiguyous w.th Tespect &6 A .

4

i bounded aund kmm&fomly sountebly a&&itmg :

BROCE,  {1) =» {3). Bupposa K e condicionglly wea:k;;;g T

compact, od suppose ||Hll SM, VeeR is

LT,
Sbunded b

L

show that for all « » 0 there exists o finite set

- fhe uniferm boundedmess principle.) We first

{imﬁ». . 3 gzﬁ@}c:ﬁ' and & » € such thet

#

b, | (B)

i

Suyppose this is not the case. Then there sxists

§ {g. w 3.3 o & 8 g ’ﬁ} ey W(B}g By ¥ %éézﬁ :a :

€>0

such that no such finite set and § exist. Choose any

such that

1 [ i

ggixﬁmi:b <5 send ghé@x}% € .

Next, choose E'é"‘ in & and "‘sli"; "4y 'Y -such'thet

i v

g

; : 1 . § | i )
®)<% {4=1,2) end gug{%g}ﬁ 2 €.

4 48 K. Then there extst E dn I awd ¥ -in F
& : ? 1 E
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in aifl) for some ¥ . lettimg A w = |u

by th Wﬁmﬂi m@hﬁwh@ HOTEE imﬁ}; is woiformly

<

b respecy te A~ .  But mote

gbsolutely contipuous wity A
el

A= T 2 L E%ﬁm}k

i : d

oo !
& = u
- "t el

and 8o iﬂmAuwiﬁ y = 0 mmii@xm&y is m o This
i W% o : . IR ) i o P e i Vi Wy

congradicts | |1 b’ {w }i, 2, fﬁ o ¥ moy aud 8o ghe
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sequence {p F e K suck chet A(E

pontioucus, a congfrediod

Tt ‘mow follows that shers ristd B PEIUEDRCE

% — 5 " ¢ g 3 L Y ‘ 1 i
vl =0 Vo= (uE) =0 YR ek. .

B2 w : )
g v | We have p <<€ , ¥ueXK.

Yl R Doomm WPy
n

P
veowe de not have uniform giaclute contingity , thew

ihere aige e » 0, b sequesce {8 s e L, end @ ¢

s

<
3
[}

gt

n

s, 8l n . Agein, since £ ds oone

S F “ . - o i s PO T 34 e
Stedenniiy wealkly compact, we fan sasume kT B
) B . o

weskly for some W . This would say, by the Viteli-

uhm-Saks theorem, thet {yf} wag uniforaly ebsoiutely

“iom. Hence (3) nolds.

K 48 bounded and uniformly

countably sdditive. Let 1u%} he @ sequence in K,

and lst A= L . For esch n , choose ﬁw'
i . i D - mis

NN e L
4n LTLA) such thet
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3.2-19

. Bince each £  is th: pointwise limit of & seguence -

of simple functions, there is & countable collsction

E@ ¢ I guch that £ is 2’(:’5&} w menarrable. Let

Ee y Eﬂ ;'&aé iet A = A(EY . Then E and herce

'ﬂu 3

A 48 countable {by i$l,3)m Using he {anter disgonal

procese, there is & subsequemce {u_J of 1y

ja”
which mxwérga& elementwise on A . By 3.2.1%,

{}iﬂ } converges elementwise on LAY & v 3.0.12

{f%} converges weskly in Li VA . Wince

o {fnk} converges weskly inm’ 120) since 4 Glze))

can be embadded ié@mtxic&ﬁy into K.i‘(};) « Finally,

{ﬁak'} converges ﬁ@aﬁzﬁhy in ca(l, i) c (L) by the

Redon-likodym theorem. ' L i

3

By the Eberiela~Smulisn theorem, & is conditionally

‘ weakly compact.
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CONTROL MEASURES

S a———

Tf K 4s & subset of ca(L), & -control measure for
K ie 2 messure } in c&(T) such thet every member

of K is sbsolutely continuous “Mt‘h‘reapeaf to {H. :

A wiiform control measure for K is a mesrure j

such that the members of K are ‘mﬁifemi;v sbsolutely

. continuous with respect to Al

Thecrem 3.2.16 telle us that if K 1is & bounded subset

of ca(T), then X . ie conditionally vweskly compact

if end only if there exists & unifocm control me&BUry

e e o o, e e e

e , e P 7 - e S5 2
Pty iboe & B UUY L ié. B el ORI L
ie—— fescdiotiedoolieioetl sty ol

then every control measure is & uniform control measure.

. LEMMA. Let  &nd v be in ea{f). Then there exists

& counteble subset I of the resis R such that for all

Bt

& In R\ I,

By + (l a ﬁ)v

is & control measure for the set K = {p,vl.

O T T S IRT R B |

m{ma M‘b l?ﬁ,“‘f’ iui‘*’g?‘gp. ,Md c;}ﬁ@ﬁ& ) f’@ in 1&13“{?&}

LIRE

Csuch thet u(E) = (i) and (E) = [redh, (B €I).




3-«'@3;‘9 E

For every o in & 1eb
E = fw flo) + rx&f\w} w C) N (lotgla ¥ #) U o 2o} ¥ 01}
If o#6 then E NE_=¢, end go for mm‘ except

in & cmn%ble set J, flw)+ aglo) @ﬁ m:mwzem for

| ?s-&lmﬁa'*“ gll in the set
{vm“ glw) ¢ @f} {GA" f‘:ﬁ}} iﬁ 0e |

It followe that for &11. o i,::a &\Ji‘u,%‘ ov is e
rontrol measure for the .set {p,v} Then B+ (i - gy
‘m # conty @1 messure for all g 4r the set

wfim

o+ 1)t o ER NI, aer - L

f""\

3,3.3. CTHEOREM. If K i& any non-void subset of ‘ca(g), then

the following four ,‘aé“catementa are \Qgﬁ.zmlem.

(1) K nes B cmntml measure m c:&(il

(i1) There is & sequen ence m} f&n K  such tbﬁt

o "l B
B how T lm -"-‘?35""!*"“
R

is & control measure for L

(124) K has a cortrol memsure in its closed convex

hull oK.




i,
FE -

{iv)} The members of co(K) which are control

meagures for K form g dense subsel of

co{K). (In fact, for every v in co(K)

there is & line I through v such that

LN (o: o is s control measure for Xj

'f;‘ﬁ dense in L ﬂg&ﬁf‘;}}.

PRO%E‘ fi”} z:f (ii'). ‘Let‘ A be & control measure fé? K.

Xf L ¢ 0 is in X and §hom .;‘é,i?\‘vé " hen the set

A= {;x:» flx) # 0} has the property that there exists some

¢ in K such thet i i(A} >0 and Al << ol on A

(:m fact; take o = y here.) Use Zorn 8 lemme to uhmw

& m&ximal cli/sajaint family &jsi jter. of gets with this
pr@gerﬁaf, with egi‘mspaﬁm menguUres {cri}iwszi,; Bince.

{ g{ﬁ } »0 for me;k ‘;ﬁ;; I” must be counteble. BY
m&:ﬂmmtyﬁ é;:herw camm exia’@ an 4 in ¥ with

icv H{A) = 0 for ell 1 but lol(A) >0 for scme m"i
4n I{;’ hence  {o i iml ig ’t;}.w &esiwd, sequence in K.

(11) = (114). For the proof we may assume K itself is alege@
and convex.
First we obmwe that we m&j assume X is bmzd@ﬁ_w mﬁ |

m ve in X and let E‘i () dengﬁg t&;:%e gxloseaa; tall of radius
1 centered at u. :S*ziz:szc:sse we c:ai:; find &n élemen&% o in

B, (s} NK which is & comtzol ‘messure f::m B, o) DK, Brd

iet v be any element of K. 'm.em mﬁim a’j < @ €L Buch




thet op + (L = a)v is 4n BE{M nNK. Ir icj () = U, then

;;;(E’} = G and oy ;(l = g)vl(Z)= O, 8o w(E)= O, Henes

¢ ig & control measure for all of K.

Thus we asgume K is -Cz}.@‘se@, bounded and convex. Leﬁ

‘{ga} mﬁ. % be s in {ai}

Let 91 = 4, @04 by ixmw‘bim 13&% "“3{; ‘i:w w m’f :

of ¥ bwhich is & conbrol measure for ly 33 %}a ‘Iihaa

e lev | for all k, oand

3' » ’ AT ‘is
(1) 5 EEMMIQ«H*

For each k, choose f, in o m) such that v (B) = J},fkdl

{E €L), &nd let E, = {ay «.wm} = 0}, By (1), we mey assume

]

{%3 ie a monotone &ez:m&sing seguence. Leb B o= xly By Toen
%»Sri{ﬁ} « 0 for all k, so i(B) = 03 l.e., ‘Mmﬁ) -0, By passing

to & subsequence, we muy sssume thet

(2) Mot f@) =0l ¢ 3 @ , W

We next define inductively two sequences {ay}, (6.] of
positive real numbers. Let o = i, end choose &, » 0 such thab

S oo
Al ‘il(m} 8,1 <3 .

o Mt gl“ fl (malfl)r I’IW &up@@ﬁe {I}’g ""."’aﬂwl and 52‘3&;«&3,

1fa-1

b,.y Dave baen chosen, and let %”l m oanfy Foeee Oya




Using she fact that £ is in 1} ang the first part
of the proof of the lemms, one nees that we msy choose

axﬁ wush thﬁx’i; | :

: 0 & i!,n g;‘ I}.Ml “3

P
a8
A

| where on the set ‘ ‘
fw: g, (@) £ 0) U for £, (o) ¢ 0]

and ;

) Aoler deflw)] 2 S= < B

© By (2)and (&), we may choose ‘éﬁ' such thet

- ’ o B
fé’)} "’{} ® é& € ﬁ;fi

and

8.} < .

A Lo g ()]

8 A

R

By (3), Iy o < = and it followe that

o

| o E%S .| converges in mean ‘end hence h-aimost everywhere

(since it 4ig & ncu-negative ;ﬁem‘a@s;}

Hence

g

8e 5 af, e Mg

converges in mean and A-@lmost everywahere.

i



A NG )>% and

We next show thet 4f Ge {w @ glo) = v)

A{!) = 0, Suppose H{G) =& > 0. Let
G = (o |g (@] >8]
tnd

Fom oo lofile)} 2 o1, 3

ty {T); MG NG_) econverges to A(3) «d ; snd by

{7)s R{E‘&} < i ,¥n. Choose N so large ‘khﬂt
; - |
< 33% - Then

ny s
5 !

=izl

M(M@}\ U F}wgﬁ
z:zstﬁ-,

s¢ that in pwﬁimlw there existe 8 ;mm % m

oy

{G ”H} ) \*nalﬁ‘@&l n‘ such thet glx) = ot ah;f (z}a:

Then
PR mlcx,:wg %) - m% (e (x))]
21 a@ g, el

>3 - % %N = 24 30,
ﬁfmlfﬁ 3R -

which contradicte the fact thet =x dis in G,
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5.3.4

3.3.5

3«3« 7 '

-

e Gy
Now let ca .l

rel Vi 'ﬁ}.eairlalf' |

o “6.
Vst %

o 4is in K. By the Radon-Nikodym theorem,
wi , prl e Y e

~~

Since ilw: glw)= 0l =0, A <« ol , wndso o is

& control measure far K.

(1i1) = (iv). Let o be any member of co(K)

which isea‘,ctaxmmljm&mum for X, &and let be
- any memberi;nf %E{&),. By the lm& a;densve:su}sgs@

of the line Joining o an& 4 coneists of rzom;rel meagures

for {%5&3 Any messure vmmh amﬂzm&a a m&tmﬁin&ﬂz

amtmm m uﬁ‘ K.,

,mmm if X is a aond;itional&z weal«:ly m@‘t sub&m |

ar ea(T), ther there exists & uniform control measure

‘o ;i._g co(K). g;g fact, the set of uziform control messures

in co(K) if demse in  co(K).

mx&m Consider e@(e@‘),_;wmm B s ﬁhﬁ‘&e&t‘ of

natural nusbers, ' end iezi; L= {«gﬂ}, ‘ m aw wum:abm subset

of (0,1}, 1et mn? m & pma.;.tw@ sequence such ‘tm%

i
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B = o

g
g

B ol(e gl <o

end
k oo

P10

~ Let y and v be the memhersk‘of\ca{ﬁ}' fuch that
W) = oy mmd w(lm)) = e (g-2)Ve, Ten
pu+ (1 - g}v is & control messure for X w {wg} ‘

if end only is g is not in I.
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R.I{LL REMARKS AND HEFERERCES -

The most impertant result in this section is of suuirse the clagsical

Kadon-Nikodym Theorem (3.1.9, 3.1.11). Considerable sttention will be

- given to gagaraiiz&tiang Xatet,{ﬁhaptarak?:@né 8.

R.3.2, REMARKS AND REFERENCES

{1} For & history of a&&fgenezéiizacions of Theorem 3.2.7, see Pettis
§1951¢a)}. The eatire power of 3.2.7 le of course not needed for 3.2.8,
&nﬁ-a diract proof of 3.2.8 ie aﬁaxt&ﬂ {sé@ ooy Dun’ord and Schwartz

{1858, p. 1561.)

a7

2) Generzlizing previous results of Vitelf and Hahn, Sake [1933] proved
mh&kimp@rt&nt,Tb&crem.3w2;&; ﬂbwﬂiiary 2.2.9 was proved &ﬁ&apenéantiy by

Hikodyn [1933(s}]: it extends to the vector-valued csse (see 5;15? below. )

 Both 3.2.8 and 3.2.9 are generalized later (5.1.11 and 5.1.13).

{3) Theorem 3.2.10 is due to Nikaéym [1933]); che proof giveu here is

due to Saks [1933]. This result is generalized later (5.1.10).
(4) Theorems 3.2.11 ahd 3.2.12 ‘g6 back to Lebesque [1909, p. 57).

(5) ‘Thenﬁaﬁﬁ~3@£¢lﬁ and 3.2.17 have & long history culminating in

the im?ﬂrtaﬁt paper by Bartle, ﬁumﬁurﬁ;'anﬁ Schwartz [1955]. The papers

by Qubzovskiﬁ Eiﬁé?{a},{bﬁy‘QOﬁtain early partial results. The gzusﬁé glven

’ here are basically f£rom Dunford and Schwartz {l?ﬁ&}»' These results ars

generelized leter (&.4.4).
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