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The face (contour) shear piezoelectric properties of Pb(Mg1/3Nb2/3)O3-PbTiO3 (PMNT) single

crystals were experimentally determined by the impedance method. Zt 6 45� cut samples with

various aspect ratios were investigated based on Bechmann’s zero-order approximate solution.

Square plates were found to exhibit a clean face shear vibration mode and the experimental data

were in good agreement with the rotated matrix calculations and finite element method simulations.

The piezoelectric coefficients d36 were determined to be in the range of 1600-2800 pC/N, depending

on the compositional variations, with an ultralow frequency constant N36, in the range of 490–630

Hz.m. In contrast to conventional thickness shear modes, the mechanical quality factors of face shear

vibrations are relatively high, with Q values being on the order of �100-450, demonstrate promising

for low frequency transducer applications. VC 2011 American Institute of Physics.

[doi:10.1063/1.3638691]

I. INTRODUCTION

New application areas for actuator and transducer design

continue to be the driving force for the innovations in piezo-

electric materials. The piezoelectric coefficient (dij) and

electromechanical coupling (kij) are the most important

parameters for determining device performance.1 Relaxor-

PbTiO3 single crystals, including Pb(Mg1/3Nb2/3)O3-PbTiO3

(PMNT), Pb(Zn1/3Nb2/3)O3-PbTiO3 (PZNT) and

Pb(In0.5Nb0.5)O3-Pb(Mg1/3Nb2/3)O3-PbTiO3 (PIN-PMN-PT),

have been extensively studied in last two decades, due to

their superior longitudinal piezoelectric coefficients (d33

> 1500 pC/N) and electromechanical coupling factors

(k33> 90%), when poled along the crystallographic direction

[001].2–6 In addition, [011] poled single crystals offer high

extensional piezoelectric and electromechanical properties,

with �d32> 1200 pC/N and k32> 85%.7–17 In contrast to

[001] poled crystals, longitudinal mode along [011] direction

shows high mechanical quality factor Q� 500, demonstrat-

ing good potential for high power applications.18 Of particu-

lar significance for [011] poled crystals is the large face

(contour) shear vibration can be achieved in Zt 6 45� cut

samples (as shown in Fig. 1), with piezoelectric coefficient

d36 being on the order of �2600 pC/N, equal to the com-

bined values of the two transverse piezoelectric coefficients

d36¼ d31� d32.19 Recently, ultralow frequency sonar trans-

ducers were projected based on the face shear d36 in PMNT

crystals, due to their ultralow frequency constant and high

piezoelectric coefficient of this vibration mode.20,21 Further-

more, the ac driving field level and mechanical quality factor

Q of the face shear mode were reported to be significantly

higher compared to thickness shear vibration modes, owing

to the fact that the working electrodes are along the same

direction as that of the polarization.22–24

The piezoelectric and elastic properties of the face shear

vibration in quartz crystals had been extensively studied

from 1930s to 1950s. However, the analytic solution for the

vibration mode that satisfies displacement equation of

motion, as well as all the boundary conditions of free edges,

has not yet been obtained up to date. Various approximate

solutions for the displacement field and resonance frequen-

cies were proposed.25–28 Bechmann27 used the zero-order ap-

proximate perturbation solutions proposed by Ekstein28 to

describe the contour vibration modes of rotated Y-cut plate

resonators. It was found that the calculations based on the

zero-order perturbation solutions were in good agreement

with the experimental results. After some corrections, those

approximate formulas are recommended in IRE Standard on

piezoelectric crystals.25 For relaxor-PT crystals, however,

the piezoelectric coefficient was found to be three orders of

magnitude higher than that of quartz crystals; thus, it is im-

portant to see if the approximation is still plausible for the

case of high performance relaxor-PT single crystals.

In this study, the resonance and anti-resonance frequen-

cies of the face shear vibration mode were measured by the

impedance method. PMNT crystals with square plate dimen-

sions were used, where the elastic compliance s66
E, electro-

mechanical coupling factor k36 and piezoelectric coefficient

d36 were calculated using Bechmann’s zero-order approxi-

mate formulae. Simulations using ATILA finite element

package were also made to verify the analytical conclusions.

II. CALCULATIONS

Rhombohedral PMNT single crystals possess the macro-

scopic symmetry mm2 when poled along the crystallographic

[011] direction. According to the IRE standard,25 the Z axis

a)Author to whom correspondence should be addressed. Electronic mail:

soz1@psu.edu.
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is the poling direction [011], X axis is along ½0�11� direction

thus the Y axis is along [100], forming a right-hand orthogo-

nal coordinate system, as shown in Fig. 1.

Table I shows the matrix of elastic compliance sE, piezo-

electric strain coefficient dij and dielectric permittivity er of

[011] poled PMNT28 crystals in the original coordinates,

where the high extensional piezoelectric d32 and thickness

shear piezoelectric d15 were found to be on the order of -

1188 and 1630 pC/N, respectively. The transformed matrix

was obtained by a Zt 45� rotation. The elastic, piezoelectric

and dielectric permittivity after rotation are given in the

same Table, where the face shear vibration related elastic

compliance s66
E and piezoelectric d36 were calculated

according to the following equations:

s066 ¼ s11 þ s22 � 2s12; (1)

d036 ¼ 6ðd32 � d31Þ; (2)

with the values found to be on the order of 120 pm2/N

and �1648 pC/N, respectively. For convenience, we used

absolute values for the piezoelectric coefficients in the

following.

In the rotated coordinate, the electrode face of the sam-

ple is normal to 2-fold symmetric axis, the other edges of the

samples are along rotated X0 and Y0 axes. Under the assump-

tion of the infinitely thin plate, the following zero-order ap-

proximate formulae are used to extract the face-shear

materials properties of PMNT single crystals, based on the

impedance measurements.

The frequency constant of the face shear vibration for a

square plate sample can be calculated by

N36 ¼ fr � l ¼
F

2

ffiffiffiffiffiffiffiffiffi
1

qsE
66

s
; (3)

from the measured resonance frequency, the elastic compli-

ance of the face shear vibration can be determined by

sE
66 ¼

F2

4qðfr1Þ2
(4)

where l is the edge length of the plate. F is a correction con-

stant with value equal to F ¼ 2j0a
p , where j0 ¼ 2:0288, the

first root of the transcendental equation jþ tan j ¼ 0 and

a ¼ 1� 0:05015� ½ðsE
11 þ sE

22Þ=2sE
66�

1=2
. In the Zt 6 45�

rotated mm2 matrix, sE
11 ¼ sE

22 � sE
66;thus a ffi 1.

The electromechanical coupling factor is given by

k2
36 ¼

1

1þ rp
; (5)

where p is a correction constant, p ¼ 4a2b=ðj2
0 þ 2Þ with

b ¼ 1� 0:0691� ½ðsE
11 þ sE

22Þ=2sE
66�. As mentioned above,

sE
11 ¼ sE

22 � sE
66; thus b ffi 1.

In Eq. (5), r is the capacitance ratio (r ¼ c�
c1

: C0 is the

shunt capacitance and C1 the motional capacitance), the re-

ciprocal of which is related to the measured resonance and

anti-resonance frequencies:

TABLE I. Full matrix of material constants for [011] poled PMNT28 crystals, including elastic compliances (a), piezoelectric strain coefficient (b) and

dielectric permittivity (c), before and after Zt 45� -rotation.

14:4 �23:6 15:5 0 0 0

�23:6 58:1 �37:6 0 0 0

15:50 �37:6 30:5 0 0 0

0 0 0 14:7 0 0

0 0 0 0 101 0

0 0 0 0 0 18:8

2
6666664

3
7777775
,

zt 45�
rotation

11:0 1:64 �11:0 0 0 21:9
1:64 11:0 �11:0 0 0 21:9
�11:0 �11:0 30:5 0 0 �53:8

0 0 0 57:7 �43:0 0

0 0 0 �43:0 57:7 0

21:9 21:9 �53:8 0 0 120

2
6666664

3
7777775

(a)

0 0 0 0 1630 0

0 0 0 239 0 0

460 �1188 890 0 0 0

2
4

3
5 ,

zt 45�
rotation

0 0 0 �696 935 0

0 0 0 935 �696 0

�364 �364 890 0 0 �1648

2
4

3
5 (b)

6410 0 0

0 1470 0

0 0 3800

2
4

3
5 ,

zt 45�
rotation

3940 �2470 0

�2470 3940 0

0 0 3800

2
4

3
5 (c)

FIG. 1. Schematic of Zt 45� - cut sample, and related face shear piezoelec-

tric deformation.
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1

r
¼ f 2

a � f 2
r

f 2
r

¼ bF2

4

d2
36

em
33sE

66

� �
; (6)

where b ¼ 4p2b
j2

0
ðj2

0
þ2Þ, em

33 ¼ eT
33 �

d2
36

sE
66

, from which the face shear

piezoelectric coefficient can be determined according to the

equation

d2
36 ¼

eT
33sE

66

1þ rp
¼ k2

36e
T
33sE

66: (7)

The mechanical quality factor Q36 for the face shear mode

was evaluated by the 3dB method:

Q ¼ fr

f2 � f1

; (8)

where fr is the resonance frequency, f2 and f1 are frequencies

at 3dB down from the maximum admittance.

III. EXPERIMENTAL

The PMNT crystals used in this study were grown by

the modified Bridgman method along the crystallographic

[001] direction. The crystals were oriented using real-time

Laue X-ray system. Zt 6 45� cut [011] oriented PMNT crys-

tal samples with different aspect ratios, from 20:2:1 to

10:10:5, were prepared. All the samples were poled at a field

of 10 kV/cm at room temperature. The capacitance and

dielectric loss were determined using an HP4284A multi-

frequency LCR meter, while the resonance and anti-

resonance frequencies were measured using an HP4294A

Impedance phase-gain analyzer.

IV. RESULTS AND DISCUSSION

In order to get clean face shear vibration mode, PMNT

crystal samples with various aspect ratios were studied. First,

the length/thickness ratio was kept constant, while the

length/width ratio was varied. The impedance characteristics

as a function of frequency and length/width ratio for

PMNT29 crystals were shown in Fig. 2. For a bar shaped

sample with dimension of 10 mm� 2 mm� 0.5 mm, a

strong vibration was found to occur at 131.5 kHz, with a

small vibration observed at lower frequency of 95 kHz, while

for square plate of 10 mm� 10 mm� 0.5 mm, two strong

peaks were found at 131 kHz and 57 kHz, respectively. The

peak at �131kHz was related to the resonance frequency of

extensional vibration in the bar samples, it should be noted

that extensional vibration remains in square plate, due to the

fact that the acoustic velocities along X- and Y-directions

are the same in Zt 6 45� cut samples (s11¼ s22). Of particu-

lar significance is that a clean face shear vibration can be

achieved in square plates with dimension of 10 mm� 10

mm� 0.5 mm. Thus, the elastic compliance, electromechan-

ical coupling factor and piezoelectric coefficient of PMNT29

were calculated according to Eqs. (4), (5), and (7), and found

to be on the order of 159 pm2/N, 0.81, and 2030 pC/N,

respectively. According to Eq. (2), the face shear piezoelec-

tric d36 was on the same order of d31� d32, thus, ZX- and

ZY- cut PMNT29 samples with the same composition were

fabricated, from which, the extensional piezoelectric d31 and

d32 were measured and found to be 540 pC/N and� 1530

pC/N, respectively. The calculated d36 was found to be on

the order of 2070 pC/N, very close to the measured value of

2030 pC/N, as listed in Table II. This in turn, demonstrated

the suitability to use square plate in face shear mode for the

determination of face shear piezoelectric coefficient of high

performance relaxor-PT crystals, based on the formulae

listed in the preceding section.

For a rectangular plate, Eq. (3) is changed to

fr ¼
F

aþ b

ffiffiffiffiffiffiffiffiffiffiffi
1

qsE
66

;

s
(9)

where a and b are the length and width of the plate, respec-

tively. The calculated resonance frequencies of the face

shear vibration for the plate samples with the dimensions of

10 mm� 2 mm� 0.5 mm, 10 mm� 4 mm� 0.5 mm, and

10 mm� 8 mm� 0.5 mm by using Eq. (9) are 95 kHz, 81

kHz, and 63 kHz, respectively, which are very close to the

measured ones, as shown in Fig. 2. The anti-resonance fre-

quencies of the bar-shape samples, however, were found to

be strongly coupled with the extensional vibration, only sam-

ples with square plate shape exhibit clean face shear vibra-

tion mode.

For the square plate samples, the effect of the edge

length was further investigated and the impedance character-

istics are presented in Fig. 3. Clean face shear vibrations

were obtained regardless of the edge length of the square

FIG. 2 Impedance characteristics as a function of frequency for PMNT29

crystals with different aspect ratios.

TABLE II. Extensional and face shear properties of [011] poled PMNT29

crystals.

Dimension ij Kii

Nij

(Hz m)

sjj
E

(pm2/N) kij

dij

(pC/N)

10� 2.0� 0.5 31 (ZX-cut) 4500 1430 15.1 0.70 540

10� 2.0� 0.5 32 (ZY-cut) 4500 640 75.9 0.88 �1530

10� 10� 0.5 36 (Zt 6 45� - cut) 4500 570 159 0.81 2030

d36¼ d31 – d32¼ 2070 pC/N; Error� 2%

064106-3 Zhang et al. J. Appl. Phys. 110, 064106 (2011)
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plates. The resonance frequency was found to shift downward

with increasing the length of the samples, with the same fre-

quency constant N36, being on the order of �570Hz m.

Fig. 4 shows the impedance characteristics of Zt 6 45� -
cut square plate PMNT28 crystals as a function of sample

thickness. Two strong vibrations are observed for samples

with 4� 4� 0.5�2 mm3 dimensions in the frequency range

of 100-450 kHz, associated with the face shear vibration at a

lower frequency and extensional vibration at a higher fre-

quency, however, three vibrations are found in the cubic

sample with the dimensions of 4� 4� 4 mm3, related to the

face shear and extensional (longitudinal and lateral) vibra-

tion modes, respectively. The detailed face shear properties

are listed in Table III. The dielectric permittivity, electrome-

chanical coupling, piezoelectric coefficient and elastic com-

pliance were found to be on the order of 3800, 0.77, 1600

pC/N, and 127 pm2/N, respectively. The variations of the

piezoelectric and elastic compliance are in the range of 3%-

4% compared to the calculated values using matrix rotation,

as listed in Table I. The measured coupling factor, �0.77,

was slightly lower than the static coupling factor, �0.82, cal-

culated directly by k36 ¼ d36=
ffiffiffiffiffiffiffiffiffiffiffi
eT

33sE
66

p
, which may be due to

the assumptions made in the zero-order approximation do

not exactly meet in the present experiments.

The coupling factors, piezoelectric coefficients and elas-

tic compliances were found to increase with increasing sam-

ple thickness, as summarized in Table III. In order to

understand this phenomenon, finite element method (FEM)

modeling was performed using ATILA, with input from the

original matrix data given in Table I. The FEM modeling

results are in good agreement with the experimental meas-

urements, as shown in Fig. 4. Fig. 5 shows the FEM model-

ing results of the impedance as a function of sample

thickness, the resonance frequencies of the face shear vibra-

tion were found to maintain similar values, �158 kHz, for

samples with 4� 4� 0.5�2 mm3 dimensions. The anti-

resonance frequencies slight increase with increasing sample

thickness. Thus, the calculated electromechanical coupling

factors show a slight increase with thickness (�0.77-0.79),

using Eq. (5). However, for the cubic sample, the resonance

frequency was found to shift downward, while the anti-

resonance frequency shift upward due to the strong coupling

of the face shear to the longitudinal vibration mode. A much

higher electromechanical coupling factor, �0.85, was

obtained using Eq.(5), which is obviously unphysical. In

general, the coupling factor will decrease when the vibra-

tions are strongly coupled,29 in which case, the zero-order

approximate solution is no longer valid, and Eq. (5) cannot

be used for coupling calculation. Therefore, further theoreti-

cal investigation on the dynamic coupling k36 for coupled

mode situation is required.

FIG. 4 Impedance characteristics as a function of frequency for square plate

PMNT28 samples with different thicknesses. The dashed lines are the

ATILA FEM simulation results.

TABLE III. Properties of Zt 6 45� -cut PMNT28 square plate crystals with

different thickness.

Dimension eT
33=e0

k36

d36

(pC/N)

s66
E

(pm2/N)

N36

(Hz m) Q36

4� 4� 0.5 3800 0.77 1600 127 637 170

4� 4� 1 3800 0.78 1650 133 620 200

4� 4� 2 3800 0.79 1700 138 610 350

4� 4� 4 3800 0.85 1880 145 595 450

FIG. 5 FEM simulated impedance characteristics for square plate PMNT28

samples with different thicknesses.

FIG. 3 Impedance characteristics as a function of frequency for square plate

PMNT29 samples with different lengths.
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In order to check the purity of the face shear vibration in

thin square plate, the deformation shapes of the 4� 4� 0.5

mm3 sample were modeled by FEM at the resonance fre-

quencies of 158 kHz and 370 kHz, corresponding to the face

shear and extensional vibrations, respectively, as shown in

Figs. 6(a) and 6(b). The dark red color stands for the highest

positive Y-displacement, while the dark blue color represents

the highest negative Y- displacement. Obviously the defor-

mation shape in Fig. 6(a) exhibits a typical pure face shear

vibration. However, the deformation shape indicted in Fig.

6(b) shows three displacement nodes which mean there may

be a strong coupling between the extensional vibration and

the third harmonic of the face shear mode. Therefore, the

extensional mode is not a pure clean one. This coupling

becomes stronger as the thickness increases and will affect

the anti-resonance frequency of the face shear mode, which

makes the zero-order approximation invalid.

The face shear properties as a function of composition

in PMNT system was also investigated and the results are

summarized in Table IV. For PMNT crystals with rhombo-

hedral composition, the Curie temperature was found to

increase with increasing the PT content, while the ferroelec-

tric phase transition temperature (including rhombohedral to

tetragonal or rhombohedral to orthorhombic phase transition)

was decreased, due to the curved morphotropic phase bound-

ary (MPB). The face shear dielectric, elastic, piezoelectric

and electromechanical properties were found to increase

with decreasing the ferroelectric phase transition tempera-

ture, following the general trend observed in relaxor-PT

crystals.3 The mechanical quality factor, however, was found

to decrease as the composition approaching the MPB, due to

easier polarization rotation. Of particular significance is that

the mechanical Q value is higher than those observed in the

thickness shear mode (�30).23 With further increasing PT

content, the PMNT crystal was found to be in orthorhombic

phase, and becomes single domain state when poled along

[011] direction. Thus, the dielectric and piezoelectric proper-

ties deteriorate greatly, but the mechanical Q is enhanced,

being on the order of �400.

V. CONCLUSION

In conclusion, using thin square plate samples, the prop-

erties of the face (contour) shear vibration mode of high per-

formance PMNT single crystals was evaluated using the

impedance method based on the formulae under the zero-

order approximation. The experimental results are in good

agreement with the matrix rotation calculation and the FEM

simulation. The errors are only about 3-4%, demonstrating

the feasibility of the approximation for the determination of

face shear properties of relaxor-PT crystals. The high piezo-

electric coefficient, d36, in the range of 1600-2800 pC/N, to-

gether with the ultralow frequency constant, N36 �490-640

Hz m, and high mechanical quality factor, make the face

shear vibration mode of relaxor-PT crystals excellent candi-

date for low frequency transducer applications. In addition,

the thickness dependence of the electromechanical coupling

factor k36 for the square resonators revealed the limitation of

the zero-order approximation. It is desirable for future theo-

retical investigations on the dynamic electromechanical cou-

pling factor, when there are strong mode couplings in the

face shear resonators.
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FIG. 6 (Color online) (a) The deformation shape of a thin square plate

PMNT28 sample, modeled by FEM at 158 kHz, (b) the deformation shape

of a thin square plate PMNT28 sample, modeled by FEM at 370 kHz.

TABLE IV. Properties of Zt 6 45� -cut PMNT crystals with various compo-

sitions (4 mm� 4 mm� 0.5 mm).

PMNT

TC

(�C)

TFF

(�C) eT
33 e0

�
k36

d36

(pC/N)

s66
E

(pm2/N)

N36

(Hz m) Q36

PMNT28 128 100 3800 0.77 1600 127 637 170

PMNT28.5 131 95 4300 0.78 1730 129 630 150

GPMNT29 133 90 4500 0.81 2030 159 570 130

PMNT30 138 70 5800 0.83 2800 225 490 100

PMNT32 150 80 1000 0.56 300 37 1200 400
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