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Shear elastic nonlinearity of electro-elastic crystals”
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Abstract  Shewr elastic sonlinearily 48 exarined through the sgeand farmonic generation {SHG) of rnsverse waves in cobie,

Pewazonal and wigonal crvstals, An experiment s carried ot (o E-eul LIKBGy, [s thied-ordis clstic consunt Oy, s determined.
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The SHG of transverse waves can be a powerful tool to investigate the shear elastic nonlinear progerties of
materials. The polarization can be different for a transverse wave propagating along a given dircetion, which can help
o probe varietics of provesses thal are polarization sensitive, Moreover, the geometrical nonlinearity daes not
contribute to the SHG of o pure maode transverse wave; therefore, it is a direct manifestation ol the material nonlinesr

[ropertics,

1 SHG of transverse waves in erystal

The ratatiooally invariant state function for an electro-elastic crysial can be expressed as Taylor's series!':

L l:l{:-'J.-f.-."."J_-I.I' i o _T!I L %4':.'.'.'.'.1.«'i'i'.l.r?.i'.k'.l.?i"m-"%c’.'.r.'.u;.',w;.' ety ; F.-f;.m_lﬂw_,r;h.,_ '% L (1)
where iy 15 Green finite strain tensor
Ty = ';'f“.'...' bty ) (2

and W is a material form electric field which related to ordinary spatial electric field £ by
W= Ex, (2}

In Eq. (1) terms up to cubic order are preserved. The material constants ¢, and ey are the second- and third-
order elastic constants, eqy are linear piezoelectric constants, xy, and zyy are the sceond- and third-order dielectric
suseeplibilily, & are the electrostriclive constants, and 2y, are the thind-order piezoeleciric coalTicients. Fora
phane wave prapagating along an arhitrary direction, a working coordinale system (abe) can be constrocted through a
rotational transformation as shown in Fig, 1. Axis @ is corresponding to wave propagation direction, b and ¢ are

pularization directions,
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Fig. | ‘Constitutive and working coordinale system,

Obwviously, the veclor W (W, B W) in (AYYE ) can be expressed as a vector. Constitutive and working #°

(R R WU AN (adee 3 by @ simple transformation,

(w1 =[] -] (4)
Also the strain tensor 7 in he (X F2) system can be represented by the strain tensor " in (ebe) through

i =l L) L) (3)

where [&] is the coordingle transformation matrix, [e]' is ils ranspose. Thus, the scale state function can be
expressed as a function of W and 5" by substituting Eq. (4) and {3} inte B, (1), Under this case the state Tunchon

can ba writlen as
o i - Lt [ v I .
W= = T e e T et 5 e T T {6
without considering piczociectiticity. Thus the bilinear cquation of motion for & plane wave propagation along a-
direction is expressed as

L8 fwe B By B ; 5 4 i
Pl = AR (B ) (= 1,2, 3) ()
da du'y dednl, En

[ere we refer to the e-direction as direction 1. For a pure mode ransverse wave in the working system (ade) Bg. (7)

pIvEs:

ity — M, = Mg i, (i =2or3) (%)

where u, is the particle displacement component of a pure mode wave, The caleulations show that M5, (he coellicient
before the bilinear term wy, i, in the equation, involees only the third-order elastic conatants or their combination for
iransverse waves. This is different from the case of lengitudinal waves where My involves both the second and the
Ihird-arder elastic constants], This can be explained as follows, Without losing generality, we may setw = wy =0
and wy = teolof). For this case we have ', =2ul,. 7'y =, =4u,, and others are zero from Fg. {2). 1tis seen
that o7 = (or 0% is always an lingar strain for a pure mode transverse wave. M; 15 actually the cocllicient of the
! =

quadratic terms in ;‘;2 and F;:;’% For the pure mode dircction, the term ey (47t ) must nol

g i 3]

21

appear in the
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Sy
expression of we. Thus — IE we3p'yy will not generate quadratic term of wg, since there 33 no nenlinear lerm g’y
an',
21
G ; ; ; ;
Beeause ——= o5, =15, - will generate cubic terms in #; ) but not square terms, Therefore, no second-
én’l,

order elastic constants can be involved in My for a pure mode transverse wave, This distinetive feature makes the
SHG of transverse waves a siraight manifestation ol shear nonlingar properties of materials, Analogous to the case of

longitidinal wiaves, a nonlincarity parameter £ is defined as:

B M [9)

o) L A I"
M,

which characterizes SHG of ransverse waves and s a deseription of the shear nonlinear property of the material.

Wi have caloulaled My and Ay, henee the nonlinear parameler of SHOG of ransverse waves for cubic, bexagonal
(622, Gmm. Gm2 Binmnd and trigonal (32, _‘.m,jm} cryslals, 10ds found that A6=0 for most bigh syrmmelry
direetions of the crvsials, which means the SHG of ransverse waves is prohibited in those wave propagation
dircctions, The non-zero My and corresponding Ms are lsted in table [1] of Ref[3] and [4] for these crvstals |

Plezoclectric corrections are listed in Table [2] of Refl[4], Obwviously the solution of Eq. (8} is
w, = A sinfarr — ka4 A, cos[ 2o — Eal (1)

where & in fendamental wavenumber, Az is second harmonic wave amplitide,

L .
A, = Ek’f,,ﬁ,.:r.’ (1)
where £ is wave propagation distance. Thus fr can be experimentally determined ifA, and A5 are measured, i e,

oA
{o

AT L 2}

fi

2 Fxperiment

The experimental setup s the same as that given in Ref. 3. A 5 MHz tonchurst signal from an achitrary
wavelorm generator is amplified and fillered, then applied to the transmitting transducer centered at 5 MHz. The
received wavelorm from the receiving transducer centered at 10 MHz is recorded by o digital escilloseope and the
data are transferred o a computer where the waveform is analyzed, The sample is Z-cut LiNb(, {Walpey-Fisher,
Hopkinton] with length 2 em. To measure absolute amplitude of the fundamental and the second harmenic waves the
receiving lransducer is calibrated by the procedure given i Ta examine the possible nonbincarity of the
measurement system itsclf, an aluminum sample i measured first, 1035 found that the second harmaonic 15 sl an
undetectable level of the measurement system for the aluminum sample as shown in Fig. 2(a), The resull confirms

that the SHG of transverse waves is prohibited in an isotropic solid,

Figure 3 gives the relation between the measured second harmonic amplitude A4 and the square ol the
limdamental amplitude 4%, The straight line is expeeted from Eq. (11). From the slope of the straight line f can be

determinad,



Suppl. JLANG etal: SHEATR ELASTIC MOMLINEARLTY OF CRYSTALS 568

I @) 0 /! ) ]

8| ll'
B .r".'lllll I by
v ! i\ f

(I

Reltive Apitude (d5)
Relstive Arrplitocks (05
b

b 439 | ]
| Vi, - s'.'llrr - ) '|I\' il i.|'|
s 1 II}I‘ .,J‘""' i 7 ik 'I'M' n 'i g
ol AR ".r R i l'n"'fn' i Trie
| |I - Aﬁllllh r r r ﬂ
W %z T R .
Frogueniy (2 Frocuercy {IHz)

Fig.2 Frequency specten of received signal (a) Tor aluminum; {B) [er et LENBO,,

Ay (10 ™ m)

[ 10 o am 40y k] ] fLH

AT m®y
Figd A% Vi iz

[l is know that for the transverse wave propagating along the Z-direction with polarization ac the A=direction in
I grystal, Mamcg o M=o B4 and does not couple 1o the piesoslectric effect!™.  The measured F and the
caleulated thivd-order elaste constant eq are listed in Table 1, The value of caqy s larger than that reported in Befl 7
where the constant is measured by stress derivative of the sound velocity of small amplitude acoustic wave and a
standlared errorof 0.4 is reporied, The present measurcment is more direct,

Table | Measured fand oo,

Fil 4 344
This work Rel[6]
1.7 (.6 -1.02 (L3

Unit of ceg and g 10" Nim?
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3 Conclusion

The ealoulalions show that the shear nonlincarity of crystals has some charscteristics which distinguish itself
from the longitudinal nonlinearity, First, self-interaction of o wansverse wave o generate its own second harmonic
wave is permilted only in some special wave propagation directions for anisolropic electro-elastic solids. Sccond, the
geametrical nonlinearity originated from the Gnite strain does not contribute to SHG of mansverse waves, Therefure,
thie second-arder elastic constants of the materials are nal invalved in the nonlinear parameter of the second harmionic

peneration,

The experiment carried out for Z-cut LiNbO; demoenstrates that the shear nonlinear propertics of malerals can
be investigated by the SHG of the transverse waves with the aid of the calibrated receiving transducer cenfered al the

harmonie requency o measure the amplitude of acoustic waves,
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