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Based on mode coupling theory and the fundamental energy ratio definition of the
electromechanical coupling coefficient, a unified formula has been derived to calculate the effective
electromechanical coupling coefficient keff of 0.70Pb�Mg1/3Nb2/3�O3–0.30PbTiO3 �PMN-30%PT�
ferroelectric single crystal cylindrical resonator with arbitrary aspect ratio. The keff dependence on
resonator aspect ratio of PMN-30%PT crystal shows similar characteristics as that of the
conventional piezoelectric ceramics Pb�ZrxTi1−x�O3 �PZT�. However, compared to PZT-5 ceramics,
PMN-30%PT single crystal has a smaller aspect ratio where the keff changes dramatically and there
is also a stronger coupling between thickness and radial modes causing much larger mode
splitting. © 2007 American Institute of Physics. �DOI: 10.1063/1.2784949�

It has been demonstrated that relaxor-based
0.70Pb�Mg1/3Nb2/3�O3–0.30PbTiO3 �PMN-30%PT� ferro-
electric single crystals possess superior electromechanical
properties at room temperature when being poled along the
�001�c cubic direction, although its composition is a little
away from the morphotropic phase boundary. The electrome-
chanical coupling coefficient k33 of �001�c poled PMN-
30%PT can reach 0.92 and the piezoelectric coefficient d33 is
as high as 1981 pC/N.1–3 Compared to traditional
Pb�ZrxTi1−x�O3 �PZT� ceramics, whose d33 value is about
400 pC/N and have been dominating piezoelectric applica-
tions for more than 40 years, this single crystal system is
promising in making large displacement actuators, high sen-
sitivity medical ultrasonic imaging transducers with better
broadband characteristics, and many other electromechanical
devices.

For device designs and theoretical studies, knowing the
effective electromechanical coupling coefficient keff of arbi-
trary aspect ratio piezoelectric resonator is crucial. There are
two factors contributing to the effective electromechanical
coupling coefficient of a cylindrical resonator. One is the
coupling coefficient of the piezoelectric material, which is
intrinsic. The other is the aspect ratio of the resonator de-
pending on the design requirements, which is extrinsic.
Therefore, there are generally different keff values defined for
the same type of vibration in the IEEE standard on piezo-
electricity. This multiple definition for the same vibration
mode makes the concept of the electromechanical coupling
coefficient very confusing, moreover, even these values are
still far from sufficient to describe resonators in practical
devices because the aspect ratio for such extreme cases may
not meet many application requirements.

Recently, based on mode coupling theory and the funda-
mental energy ratio definition of the electromechanical cou-
pling coefficient, a formula has been derived to calculate the
electromechanical coupling coefficients of piezoelectric ce-
ramic vibrators with arbitrary aspect ratio.4 In the present
work, this formula is employed to calculate the effective
electromechanical coupling coefficient keff of longitudinal
mode PMN-30%PT crystal resonators with the electrical
field applied along the poling direction. The calculation re-
sults are compared to that of PZT-5 resonators.

The Cartesian coordinates used in this work is shown in
Fig. 1. At room temperature, PMN-30%PT ferroelectric
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FIG. 1. Schematic plot of the cylindrical piezoelectric resonator under
investigation.
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single crystal possesses 3m symmetry.5 When being poled
along the �001�c cubic direction, it becomes macroscopic
4mm symmetry.1 Since 4mm symmetry exhibits similar for-
mat of electromechanical constants matrix as that of the 6mm

symmetry, the formula in Ref. 4 can be used directly to cal-
culate the keff of PMN-30%PT crystal resonators with arbi-
trary aspect ratio,4
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where dij and sij
E are the piezoelectric constants and elastic

constants under constant electric field, �33
T is the dielectric

constant along the poling direction under constant stress, and
the aspect ratio G is defined as the ratio of the height along
the poling direction H over the radius of the cylinder R. The
function g�G� is defined as:4
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where �1 is the first root of the following equation involving
Bessel functions:
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and Xt is the first root of the transcendental equation,6
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Mode-coupling constant � is given by7,8
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Bessel functions:
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f1 and f2 in g�G� are given by4
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FIG. 2. Electromechanical coupling coefficient keff as a function of the
aspect ratio G for PMN-30%PT single crystal and PZT-5 ceramics. FIG. 3. Frequency constant as a function of the aspect ratio G for a PMN-

30%PT single crystal piezoelectric resonator shown in Fig. 1 based on
mode-coupling theory.
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Using the unified formula Eq. �1� and the published ma-
terial parameters,1 keff of PMN-30%PT crystal resonators
with arbitrary aspect ratio have been calculated, and the re-
sults are shown in Fig. 2. The corresponding results for
PZT-5 �material parameters from Ref. 9� ceramics resonators
are also plotted in this figure for comparison. It was found
that both PMN-30%PT crystal and PZT-5 ceramics resona-
tors exhibit a kink-type keff curve. Moreover, when G→0
and G→�, keff becomes kt and k33, which are the electrome-
chanical coupling coefficients for a thin plate and a very tall
cylindrical resonators, respectively.

The results of f1H and f2H are shown in Figs. 3 and 4. In
these figures, frH and f tH are defined as the antiresonant
frequency constants along the radial and poling directions
without considering mode coupling, which can be deduced
from
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When the fundamental thickness and radial modes are
well separated, the resonant frequency for the radial mode
can be calculated by

fRH =
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It can be proved that frH= f tH when �4c33
D Xt
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2G2�2=0, which is part of Eqs. �8a� and �8b�. In other
words, the root of the equation �4c33
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critical G value GfrH=f tH, at which the thickness vibration
mode meets the radial vibration mode if there is no coupling.
Then the following equation may substitute Eq. �9a�:
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For the branch of resonant frequencies, it has the same
critical G value with that of antiresonant frequencies. There-
fore, in reference to Eq. �10�, if the fundamental thickness
and radial modes are not coupled at this critical G value, the
resonant frequency for the thickness mode may be written as
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Note that for PZT-5 ceramics, frH= f tH when G
=1.3949 while for PMN-30%PT single crystal, frH= f tH
when G=1.3789, the two values are similar.

On the other hand, it can be found from Fig. 2 that the G
values for the maximum slope of keff curve to occur are very
different for the two systems. For PMN-30%PT single crys-
tal, Gmax=0.85, while for PZT-5 ceramics, Gmax=1.1599.4

There are two enormous gaps between fRH and frH as well
as between fTH and f tH, as shown in Fig. 3, and the f1 / f2
values for PZT-5 ceramics and PMN-30%PT crystal are
0.5222 and 0.2381, respectively, at the critical Gmax values.
This phenomenon implies a stronger mode coupling between
thickness and radial modes for PMN-30%PT crystal vibrator
compared to PZT-5 piezoelectric ceramics vibrator, which
produces larger mode splitting.
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FIG. 4. Frequency constant as a function of the aspect ratio G for a PZT-5
ceramics piezoelectric resonator shown in Fig. 1 based on mode-coupling
theory.
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