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Inhomogeneous displacement profiles have been derived for a single-rod composite and a 
single-tube l-3 ceramic-polymer composite under both uniaxial and hydrostatic stress. The 
effective piezoelectric constants for the composites have been derived in terms of the ceramic 
content, the piezoelectric and elastic constants of each component, and the aspect ratio of the 
ceramic rod. The stress concentration inside both phases is derived from the calculated 
inhomogeneous displacement profiles. It is found that only a finite portion of the polymer in the 
vicinity of the ceramic-polymer interface actually contributes to the stress transfer, and the 
induced additional stress on the ceramic also has a higher magnitude near the interface. The 
theoretical results quantitatively predict the performance of a given l-3 structure, and can be 
used to optimize the design parameters, such as ceramic content, aspect ratio of the ceramic 
rods, rod geometry and rod arrangement, resin hardness, etc., for 1-3 structures designed for 
specific purposes. 

I. INTRODUCTION 

With the increasing application of piezoelectric com- 
posite structures, quantitative description of their physical 
properties has become a necessity for proper structural de- 
sign. The most frequently encountered piezocomposites are 
2-2- and 1-3-type ceramic-polymer composites. The names 
of these composites are defined according to their connec- 
tivities.’ In the past, theoretical studies on this subject have 
been limited to the isostrain models.24 Although the iso- 
strain models can provide some general guidelines, their 
theoretical predictions are often larger than the experimen- 
tal values.5 In addition, the effect of the aspect ratio, which 
is proven experimentally to be a critical parameter in the 
1-3 composite structure, is not included in the isostrain 
models. After analyzing the essential characteristics of the 
problem we have presented in a previous paper a theoret- 
ical model for the 2-2 composites.6 This model can quan- 
titatively describe the effective piezoelectric properties of 
the 2-2-type composites. In this paper we extend the model 
to address the 1-3-type composites which are more attrac- 
tive and have much wider applications than the 2-2 struc- 
tures from a practical point of view. 

The fundamental physics in the 1-3 composites is the 
same as that in the 2-2-type composites. We expect the 
displacement profile in a l-3 composite to be inhomoge- 
neous under a prescribed stress field or an electric field 
because the two components have different elastic and 
piezoelectric properties. The difference between the 2-2 
and l-3 problems is the dimensionality, i.e., one- 
dimensional for the 2-2 type and two dimensional for the 
l-3 type. Besides the dimensionality difference, there are 
two more complications in the I-3-type composites: one is 
the geometry of the cross section of the ceramic rod, which 
is commonly chosen to be square or circular due to man- 
ufacturing convenience; the other is the rod arrangement in 

the composite, which usually is made into square or trian- 
gular configurations. Because the rod geometry and the rod 
arrangement define the boundary conditions for the prob- 
lem, each case must be treated separately. Here we only 
solve two simple cases for which analytic solutions exist; 
using these two examples we wish to derive the essential 
features of the l-3 structure and demonstrate the general 
procedure for dealing with the 1-3 composites. Solutions 
for an arbitrary rod geometry and rod arrangement may be 
calculated numerically. 

The two cases to be treated are composites made of a 
single cylindrical ceramic rod and a single ceramic cylinder 
with a polymer matrix of finite dimension as shown in Figs. 
1 and 2, respectively. One can think of them as the “unit 
cells” of a l-3 composite. For simplicity, the outer bound- 
ary of the composite is also defined to be circular. Obvi- 
ously, such a unit cell cannot be used to fill the whole 
space. However, it is a reasonable approximation to the 
composite with triangularly arranged ceramic rods (for 
which the unit cell has hexagonal symmetry) and, as will 
be proven later, at low ceramic content the results for the 
single-rod composite can even be used for composites with 
other rod arrangements. 

II. DISPLACEMENT PROFILE IN A SINGLE-ROD 
COMPOSITE UNDER UNIAXIAL AND HYDROSTATIC 
STRESSES 

The basic idea for constructing the static equilibrium 
condition is to single out the effective component of the 
displacement field. For the single-rod (tube) system as 
shown in Fig. 1 (Fig. 2), we choose a cylindrical coordi- 
nate system (r&z) with the z and r directions along the 
axis of the ceramic rod (tube) and the radial direction, 
respectively, and #J as the angular variable. When the ce- 
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cM and s33 are the shear elastic stiffness and the normal 
elastic compliance of the ceramic, respectively. 

Considering the composite shown in Fig. 1, the solu- 
tion must be independent of 1+5 because of the symmetry, 
which means that the second derivative with respect to 4 
vanishes. By making the following substitution 

ii=u(r,Z/2) - (ZT3/2yP), (2d 

p=r/Jp, cp= (l/2) JZTF, (2b) 

Eq. (la) can be recast to the following zeroth-order Bessel 
equation of imaginary argument: 

FIG. 1. A single ceramic rod composite of length I. The radius of the 
composite is R and 4 is the radius of the ceramic rod. 

. 
(3) 

ramic rods are poled in the axial direction (the z direction 
in our calculations), the stress transfer in the 1-3 structure 
only enhances the piezoelectric response of the ceramic 
rods in the z direction. Therefore, to a good approximation, 
we only need to derive the z component of the displace- 
ment field. Following the procedure described in Ref. 6, we 
use the ansatz u (r,z) = (22/Z) u (r,Z/2), for the z component 
of the displacement field; then, under a uniaxial stress T3 
the static equilibrium condition for the polymer and ce- 
ramic phases can be written in the following form in a 
cylindrical coordinate system: 

1 &(r,Z/2) 1 a2u(r,N2) 
ar +? a42 

=y u(r,NZ) - T3, r>a, 

c,Z 

( 

A(r,Z/2) 1 &(r,Z/2) 1 a2u( r,Z/2) 
4 a3+Y ar +;Z a+2 ) 

=? u(r,Z/2) - T,, 
Is33 

r<a, (lb) 

where u(r,N2) and v(r,N2) are the z components of the 
displacement for the polymer and the ceramic, respec- 
tively, at the top surface of the composite. $’ and Yp denote 
the shear and Young’s moduli of the polymer phase, and 

Standard solutions exist for Eq. (3) so that the surface 
displacement of the polymer phase, u (r,Z/2), can be ob- 
tained using Eqs. (2a) and (2b), 

#(~~)=~~~(~)+B~~(~)+~T3 (r>a) 

(4) 
where K,(p) and I,,(p) are the zeroth-order modified 
Bessel functions, and A and B are the constants of integra- 
tion. 

Similarly we can obtain the surface displacement pro- 
file for the ceramic rod by solving Eq. ( lb) using the same 
technique, 

u(r,W) =Clo(r/Fc) + (Z/2hT3 (r-ca), (5) 

where r = Z/2 ,,/a. Note that in Eq. (5) we have used 
the boundary condition that u(r,Z/2) is finite at r=O, so 
that only one integration constant C remains. 

In order to determine the integration constants in the 
solutions Eqs. (4) and (5 ), three boundary conditions are 
needed. The first one can be obtained from the nonslip 
interface condition at r=a, viz. 

u(a,Z/2) =v(a,Z/2). (6) 

The second one is the free-boundary condition at r=R for 
the polymer phase, 

auhZ/2) 
ar =o 

r=R 
(7) 

[the derivative of u(r,z) along the direction normal to the 
unit-cell boundary must always vanish in the composite 
structure due to symmetry]. For the single-rod composite 
in Fig. 1 we can use Newton’s third law to derive the other 
condition needed to determine the constants as described 

TABLE I. Elastic, piezoelectric, and dielectric constants of PZT5H’ and 
epoxyb used in our calculations. e,, is the dielectric constant of vacuum. 

PZTSH: s,,=O.O208 ( 10T9 m2/N), c,=20.0 ( IO9 N/m2), 6=0.31, 
d,,=593 (10-l’ C/N), d,,= -274 ( IO-l2 C/N), f=3400~, 
Epoxy: yP=3.1 (109N/m2),~P=1.148 (109N/m2), 

FIG. 2. A single ceramic tune composite of length 1. The radius of the 
composite is R, while q and u2 are the inner and outer radii of the 
ceramic tube. 

a=0.35, ep=3.5ec 

‘See Ref. 7. 
bsee Ref. 8. 

5815 J. Appl. Phys., Vol. 72, No. 12, 15 December 1992 Cao, Zhang, and Cross 5815 

Downloaded 01 Aug 2003 to 128.118.103.146. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



in Ref. 6, but for later convenience, we use the following 
equivalent but more general boundary condition: 

du(r,l/2) 
lJp dr 

atw/2) 
=c‘# dr ’ (8) 

r=C? r=C7 

Equation (8) states that the shear stress is a continuous 
function of r across the interface in the nonslip interface 
composite structures. 

Now the three integration constants A, B, and C can be 
determined from Eqs. (6)) (7)) and (8); they are 

- WV, (&)I, (p3 ( l/P-$3) r, 

A= J(YPs33CLP/C44)IO(P~)[ll(pPR)K,(~)_11(~)K,(pPR)l +Il(p~)[I,(pPR)Ko(pP,)+K1(PPR)IO(~)] ’ 

W~K,(&>II(PC,) (l/yP-~33) T3 

B= 4 %3Pp~c44)wc) [~*bw1W -w%,(pPR) 1 +II(p’,> [I,(ppR)K&f) +K,(&I,(pg] ’ 

(~/~)[II(PPR)K,(~)-I,(~)K~(~PR)I(~/YP-s~~)T~ 

c=r,(P’,) vh4)KI(~) -M-m?(pPR) I+ Jw%31.Lp)I~(p~) [l,(pp,)K()(pg +K&$)I&$)] ’ 

(94 

(9b) 

(SC) 

where 

d=a/Cpp, p$=R/gp, pz=a/c, 

and Kc(p), I,,(p), K,(p), and 1, (p) are the zeroth- and first-order modified Bessel functions. 
Because of the coupling between the two components at the interface in the l-3 structure, the total effective stress on 

the ceramic becomes larger but inhomogeneous. The magnitude of the effective total stress is the largest at the interface 
and becomes smaller away from the interface. The effective induced electric displacement in the ceramic now becomes 

43 dr,N2) 
D(r) =d33T ;ff=- 

s33 l/2 9 rca* 

From Eq. ( 10) we can calculate the total bound charge Q produced at the top surface of the ceramic rod, 

(11) 

where 

is the stress amplification factor. 
We can see that the amplification factor depends on the elastic properties of both phases, the ceramic content 

Vc=a2/R2, and more important, the aspect ratio a/l. In order to visualize this aspect ratio dependence, we have calculated 
the numerical values of Eq. ( 12) for a PZTSH-epoxy composite using the input data in Table I. (PZTSH is a trademark 
of Vernitron Corp. for its lanthanum-doped PZT product.) The results are shown in Fig, 3. Two important conclusions 
can be drawn from the results in Fig. 3 as follows. 

(i) There is a saturation value for the enhancement effect for any given aspect ratio a/l. This is because the stress 
transfer effect is limited only to the portion near the ceramic-polymer interface; in other words, only the polymer portion 
near the interface actually contributes to the enhancement effect. This point will be elaborated below. This saturation value 
of y can be derived from Eq. ( 12) by taking the limit R -+ 00, 

(13) 

This limiting value depends very strongly on the aspect ratio of the ceramic rod a/l, which may be visualized from the 
results shown in Fig. 3 at V,=O; it decreases rapidly with the increase of the ratio a/l. The inclusion of the aspect ratio 
is one of the novel features of the current model. 
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(ii) The y value obtained from the current model is 
always smaller than the isostrain result but larger than the 
two-phase decoupling result ( y= 1, which can be obtained 
by taking the limit a- CO for a finite I), depending on the 
aspect ratio a/I of the structure. In general, for a fixed 
ceramic content, thin and long rods should be used in or- 
der to get larger y. The isostrain models actually give the 
upper limit for the enhancement factor, which can be de- 
rived from Eq. (12) for a finite R by taking the limit I-+ CO, 

1 
lim y= 
I-m v,+ vpyps33 ’ (14) 

where V, and VP are the volume fractions of the ceramic 
and polymer respectively. Equation (14) is just the iso- 
strain result.’ 

In order to see how the stress transfer actually takes 
place, the generated additional stress T,, inside both the 
ceramic and the polymer phases for a single-rod composite 

z-i = JC Yp~3+p~cd~o(p:K, (~$1 +I1 (p:)Kc(& ’ 
(164 

W)K,(& ( I/Yp-s33) T3 

c=~o(p;)K~ (4) + d~Mp:)Ko@) ’ 
(16b) 

In this case the generated additional stress T,,, is 

I 

I 11 (p:) (s#- 1) T3KoW) 

Tadd=clJf-T3= ’ 

I 
(YPs3~P/~~>lo(p~)K,(~) +Il(p:)KoCp$) ’ r’a7 

Kl (A’> ( I/ypS33- 1) T310(pc) 

~o(/‘:)K,(/‘$:) + ~(~eJYPs~~~)r,(p~)K~c~) ’ r<a’ 

is calculated using the parameters from Table I. For clarity 
and simplicity, we assume R -+ 03 (corresponding to 
V,-+O); then the solutions for the z component of the dis- 
placement field inside the composite become 

dr,z)=& AK,@‘) +$ TV , 
i ) 

r>a, (154 

z 1 
u(rpZ)=z CIO(~‘)+TS~~T~ 

where 

Tadd is plotted in Fig. 4 for a single-rod PZTSH-epoxy 
composite with a=OS, 1=2.5 and 5, respectively. We can 
see that T,, has opposite signs in the ceramic (r< 0.5) 
and in the polymer (r> 0.5), and the magnitude is the 
largest at the interface. There is a substantial increase of 
the effective stress in the ceramic at the expense of the 
stress reduction in the polymer phase. Because of the dif- 
ference between the elastic properties in the two phases, 
T,, subsides very fast away from the interface in the poly- 
mer but changes relatively slowly in the ceramic phase. 
Also, we note in Fig. 4 that T,,, depends very strongly on 

16 
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FIG. 3. Calculated dependence of the amplification factor y on the ce- 
ramic content for a PZTSH-epoxy composite with the following aspect 
ratio: a/1=0.05, 0.1, 0.2, 0.5, and 1.0. The uppermost line is the isostrain 
result. 
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the ratio a/l. With the increase of I, more polymer will 
participate in the stress transfer process. Although the 
maximum stress magnitude at the interface a=0.5 be- 
comes slightly smaller, the total force transferred to the 
ceramic rod, which is the product of the stress and the 
surface area of the participating polymer, becomes larger. 
We found that the inhomogeneity of the additional stress 
becomes stronger as the a/l ratio increases. 

It is clear from the stress analysis that the most effec- 
tive portion of the 1-3 structure is near the ceramic- 
polymer interface, especially for relatively large a/Z ratio. 
Therefore, one of the fundamental guidelines for the struc- 
tural design of 1-3 composite is to increase the ceramic- 
polymer interface area. 

We now proceed to calculate the hydrostatic piezoelec- 
tric constant for the single-rod 1-3 composite shown in Fig. 
1. The boundary condition for this problem should be con- 
stant stress on all surfaces of the composite. However, this 
boundary condition is not satisfied in the previous theoret- 
ical models which assumed isostrain boundary condition in 
the axial direction of the rods. Therefore, the effective hy- 
drostatic piezoelectric constant of the l-3 structure calcu- 
lated from the previous models is often much larger than 
the experimental values.5r9 The simple parallel model and 
series model could not give the right result because the 
conditions of isostrain in the z direction and equal stress in 
the x and y directions are self-contradictory. When stresses 
are applied in the x and y directions, the induced displace- 
ment in the z direction will be quite different in the ceramic 
and polymer phases, due to the difference in elastic com- 
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FIG. 4. Concentration of the generated additional stress Tadd as a func- 
tion of r for a single-rod PZTSH-epoxy l-3 composite under a uniaxial 
stress T9 The radius of the ceramic rod is 0.5. The thick line is for I= 5 
and the thin line for 2=2.5. The maximum value of the additional stress 
appears at the interface r=0.5, and the signs of the stresses in the two 
phases are opposite. 

pliance. Although the series model may be used in the x 
and y direction, the equal strain model must not be used in 
the z direction unless infinitely stiff plates are placed on the 
two surfaces of the composite. In order to adequately cal- 
culate the hydrostatic piezoelectric constant for the l-3 
composite, one must consider all three dimensions simul- 
taneously and the solution should satisfy equal stress 
boundary conditions in all three dimensions. 

Before we calculate the effective hydrostatic piezoelec- 
tric constant of the composite structure, let us discuss 
briefly the physics involved in the l-3 structure. Equation 
( 1) may be rewritten in the following form: 

1 a2u (r,1/2) 
"7 a+2 )I f (18) 

where s $3 = l/ Yp is the normal elastic compliance of the 
polymer. Equation ( 18) tells us that, in the composite, the 
effective T ‘3” [in the square bracket of Eq. ( 18)] is inho- 
mogeneous due to the additional stress generated by the 
nonslip ceramic-polymer interface, although the applied 
stress T3 is homogeneous. While in the other two dimen- 

sions, there is no interface enhancement effect, the stress 
will still be homogeneous, but the stresses applied in the 
directions perpendicular to the z direction can generate 
additional stress in the z direction due to the Poisson’s 
ratio effect and the difference of elastic compliance in the 
two phases. When normal stresses are applied in all three 
dimensions, the local strain-stress relation in the z direction 
inside the polymer may be written as 

+s&TI+s$~T~. (19) 

For the case of hydrostatic pressure, T, = T,= T3= -P, 
Eq. ( 19) becomes 

1 au(r,1/2) 1 d2u(r,1/2) 
ar +7 a42 ) 

=y* r,: +(l-2a)P, 
i ) 

(20) 

where a=$,/$, is the Poisson’s ratio for the polymer. 
Equation (20) is identical to Eq. ( la) if we replace T3 with 
- ( 1 - 20) P. Similarly one can reach the same conclusion 
for the ceramic phase, except in this case we must replace 
T3 by - (1--2aC)P, with &=ss,/sS3. 

Now the electric displacement in the ceramic under a 
hydrostatic pressure can be written as 

=du 
2u( r,1/2) 

143 
- 2o=P - 2d3,P. (21) 

Equation (21) includes both the Poisson’s ratio effect and 
the interface enhancement. 

From Eq. ( 11) the total charge Q produced by the 
hydrostatic pressure P can be obtained by integrating Eq. 
(21) over the end surface of the ceramic rod, 

Q= --a2(n,43+2d3~P, (22) 
where 

I 

I 

is the amplification factor in the hydrostatic situation. 
Compared to Eq. ( 12), the only difference is the inclusion 
of the Poisson’s ratio effect, i.e., the two factors (1-2a) 
and (l-20’). 

From Eq. (22) the effective hydrostatic piezoelectric 
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constant & of the composite is therefore given by 

d,= (n,43+‘%) (a2/R2) = V,(yhd33+2d31), (24) 

where V, is the volume fraction of the ceramic. Equation 
(24) is plotted in Fig. 5 for several different aspect ratios 
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Figure 6 is the plot of Eq. (25) as a function of the ceramic 
content at four different aspect ratios for the PZTSH-epoxy 
composite using the input data from Table I. One can see 
that the figure of merit also strongly depends on the ratio 
a/Z. In the commonly used range of the aspect ratio, the 
hydrostatic figure of merit can be well over 2000x lo-*’ 
m2/N for the optimized structure, which is much larger 
than the conventional piezoelectric ceramics. 

0 0.2 0.4 0.6 0.6 1 

vc III. SOLUTIONS FOR A SINGLE CERAMIC TUBE 
COMPOSITE 

FIG. 5. The hydrostatic piezoelectric constant & as a function of the 
ceramic content at a/I ratios of 0.05, 0.1, 0.2, 0.5, and 1.0 for a single-rod 
PZTSHtpoxy l-3 composite. 

for a PZEH-epoxy composite using the input data from 
Table I. d,, shows a peak value for each value of a/l; this 
peak value appears at about 25% for a/Z=0.05 and shifts 
to higher ceramic content with the increase of a/Z. The 
peak value increases with the decrease of the ratio a/l; 
however, there is a saturation of the aspect ratio effect as 
one can see from Fig. 5. We found that the curve for a/l 
=0.05 is already very close to the saturated value; very 
little improvement is obtained when the ratio is further 
decreased to a/1=0.02. The curves for a/1=0.02 and 0.01 
are practically the same. 

The 1-3 structure also increases the effective piezoelec- 
tric charge constant & because the effective dielectric con- 
stant of the composite is reduced. For hydrostatic applica- 
tions the conventional criterion for the l-3 composites is -- 
the hydrostatic figure of merit which is defined as gh dh. 
For the l-3 structure, it can be written as follows: 

-- a2 
gh dh= (&?)hvc+t? (25) 

2500 
f 
. 2000 

“E 

The stress distribution in Fig. 4 tells us that the most 
useful parts for the stress transfer are those near the 
ceramic-polymer interface, which suggests that the shape 
of the ceramic component should be designed to have 
larger interface area with the polymer. An immediate de- 
sign possibility would be to replace the ceramic rods with 
tubes, since for thin wall tubes the interface area can be 
substantially increased as compared to the solid rods for 
the same ceramic content. Clearly, from the principle of 
stress transfer, the structure will be more effective if the 
interior of the tube is filled with polymer assuming no 
surface capping. The unit cell for this case is plotted in Fig. 
2. In what follows we only give the results for the filled 
interior tube composite. One can easily derive the solutions 
for the case of empty interior tube composite following the 
same procedure. 

As shown in the previous section, the hydrostatic case 
may be treated the same way as the uniaxial case for the 
l-3 composite systems. Therefore, we only need to consider 
the situation of the composite under a uniaxial stress T3. 
For the tube composite the unit cell contains three different 
regions:r<al;al<r<a2;andaz<r<RasshowninFig.2. 
The surface displacement profiles of the composite in the 
three regions are, respectively, given by 

(26) 

0 0.2 0.4 0.6 0.8 1 
VC The five integration constants in Eqs. (26) and (27) 

can be obtained using the same boundary conditions as 
-- 

FIG. 6. The figure of merit, dJ, g,,, as a function of the ceramic content given in Eqs. (6)-( 8) at r=al, a2, and R, respectively. 
with the a/l ratios of 0.05, 0.1, 0.2, 0.5, and 1.0, respectively, for a Because the expressions for these constants are lengthy, we 
single-rod PZTSH-epoxy 1-3 composite. define the following quantities: 
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In terms of these abbreviations the integration constants in 
112=Il(a2/(7, Ko2=Ko(a2/~% K12=Kl(a2@7 Eqs. (25) and (26) can be written as 

Al=P[Zli(Koi-Ko~-aZK*~) +KliUoi+Zoz-A2-lla) I T3 9 (28) 

B 
1 
_PIIRIREZo~(Z~~~*i-Z~i~~~) +ZiiZij(&I-Zoj) +ZiiKif(ZoI+Zoj)] T3 

z12KlR-zlRK12 
t 

B 
2 

=~~*R[~'zo~(z~~~~i-z~i~~~)+Z~~Z~~(~oi-Zo~)+Z~~K~~(Zoi+Zo~)] T3 
z12K1R -IIRK, 

, 

C~=BIREZo~Z~i--I~~(Zoi+Zo~+~Z~I)l T3 9 

C2=P[REI,,K,i+Zt,(Koi--KoS--AKtZ) 1 T3 9 

where 

RE= ,/m, ~=RE(Z,RKo2+Zo2K,R)/(j12K1R-11RK12), 

and 

(29) 

(30) 

(31) 

(32) 

Similar to the previous section, one can find the total 
charge Q produced at the top surface of the ceramic tube 
under a uniaxial stress T3, 

Q=2$; 2 ( p2) u r L rdr=yd,,T,n(ai-a:), (33) 

where 

y=l+ 

+C2(a2Zlz---aJli) 1 (34) 

is the stress amplification factor for the tube composite 
under uniaxial stress. One can verify that Eq. (34) recov- 
ers the result of Eq. (12) in the limit of a1 -0. 

In Fig. 7 we have plotted Eq. (34) for a single-tube 
composite of I= 5 and R=5. The ceramic fractions are 
0.01,0.02,0.05, 0.1, 0.2, and 0.5, respectively, as labeled in 
the figure. One can see that for each specified ceramic vol- 
ume percentage the y value increases with the increase of 
the inner radius of the tube a, at the beginning, then de- 
creases slightly after reaching a peak value. For the 1% 
ceramic composite, the y value can be increased by as 
much as a factor of 2 compared to the ceramic rod com- 
posite (a, =0, and for the corresponding 1% ceramic 
single-rod composite the a/I ratio is 0.1). The slight de- 
crease of y for large al is caused by the gradual disappear- 
ance of the outer interface in the structure, as one can see 
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that the ceramic tube becomes the outer shell for the struc- 
ture when a, is sufficiently large, i.e., a,=R. 

Due to the increase of the interface area in the tube 
ceramic configuration, the effective volume of the polymer 
that participates in the stress transfer becomes larger. As a 
result, more charges are produced for the same ceramic 
content compared with the solid rod composite. In other 
words, the ceramic tubes are more effective for stress trans- 
fer than the solid ceramic rods in the 1-3 composite struc- 
ture. In principle, other ceramic geometries can also be 
analyzed in the same manner. However, the displacement 
field will also depend on the angular variable 4 for noncy- 
lindrical symmetries, which may defy an analytic solution. 

IV. SUMMARY AND CONCLUSIONS 

A theoretical study has been carried out for the 1-3- 
type composites based on the model developed in Ref. 6. 
As examples, a single-rod and single-tube composite have 
been treated for cylindrical symmetry. Analytic solutions 
are obtained for the inhomogeneous surface displacements 
in the z direction under both uniaxial and hydrostatic 
stress. From these inhomogeneous displacement solutions, 
the effective piezoelectric constants of l-3 composites can 
be calculated. 
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FIG. 7. The change of the amplification factor y for a single-tube com- 
posite with the inner radius of the ceramic tube a, for the following 
volume fractions of ceramic: 0.01, 0.02, 0.05, 0.1, 0.2, and 0.5. 

The stress transfer in the 1-3 composites is accom- 
plished through shear coupling at the interface between the 
two components. Because of the difference in elastic com- 
pliance, the two phases cannot have isostrain under uniax- 
ial or hydrostatic stress without surface capping. The ef- 
fectiveness of the stress transfer can be characterized by a 
stress amplification factor y defined in Eqs. ( 12), (23), and 
(34). This stress amplification factor is shown to depend 
on the elastic properties of both phases, the ceramic con- 
tent, and, more important, the aspect ratio of the ceramic 
rods. It is shown that the stress transfer effect practically 
vanishes if the ratio a/Z> 1. We have also demonstrated 
that the hydrostatic stress case can be treated in the same 
way as the uniaxial stress. However, because of the Pois- 
son’s ratio effect, the stresses applied in the directions per- 
pendicular to the axial direction of the rod reduces the 
enhancement effect in the axial direction. Hence, under 
hydrostatic pressure the amplification factor yh is practi- 
cally reduced by a factor of ( l-20) due to the Poisson’s 
ratio effect, where (T is the Poisson’s ratio. 

Through the stress analyses, we have shown clearly 
that the most effective portion of the polymer for the stress 
transfer is in the vicinity of the ceramic-polymer interface. 
Therefore, the optimum design for the 1-3 composite struc- 
ture should contain maximum interface area. If the ce- 
ramic volume content and the thickness of the l-3 struc- 
ture are fixed, the composite made of ceramic tubes is more 
effective than the composite made of solid rods due to 
larger interface area. 

In a real l-3 composite structure the outside boundary 
of the unit cell is not circular, and the cross section of the 
ceramic rods may have square or other geometries, for 
which one must solve each case according to the specified 
boundary conditions. In general, it may not be possible to 
obtain closed form expressions, one may have to resort to 
numerical methods. However, at very low ceramic content, 
i.e., if the rods are sufficiently far from each other, the 
single-rod solution obtained here is a very good first-order 

approximation. Looking at the stress analyses in Fig. 4, we 
note that the polymer beyond r=2.5 actually contributed 
very little in the stress transfer. This rod distance corre- 
sponds to a ceramic volume percentage of about 4%. 
Therefore, the solutions derived here should be accurate 
for any rod arrangement if the ceramic content is less than 
4%. We have shown that the calculated piezoelectric con- 
stant is comparable to the experimental result even for up 
to 20% ceramic.” 

Through this theoretical study we have gained sub- 
stantial insight into the fundamental principles of the l-3 
piezoelectric composite structure, including the mecha- 
nism of stress transfer and the influence of the aspect ratio. 
Several design principles for the 1-3 structure can therefore 
be stated based on the current study as follows. 

(i) The ratio a/Z should be relatively small. However, 
one must note that the enhancement of the stress transfer 
through reducing the a/l ratio has an upper limit. In the 
PZTSH-epoxy system (see Fig. 3), if a/Z=0.02, the y 
value essentially reaches the upper limit. Thus, there is no 
benefit in making the ratio a/Z less than 0.02 for this system 
since the decrease of a/Z ratio of the ceramic rods often 
increases the difficulties in manufacturing l-3 composites. 
Using our theoretical results, one can select the design 
parameters to optimize the performance of 1-3 composites 
for a specific purpose and at the same time minimize the 
cost of manufacturing. 

(ii) The interface area between the two phases should 
be maximized so that the effective region of the polymer 
participating in the stress transfer is maximized. 

(iii) From Eq. ( 14) one may conclude that the passive 
phase should be chosen to have the smallest possible 
Young’s modulus (depending on the requirement of me- 
chanical strength for the composite) in order to obtain a 
large ‘y. In addition, a larger ratio of the shear modulus 
versus Young’s modulus for the passive phase is preferred, 
which can reduce the self loading of the polymer phase and 
increase the stress transferred to the ceramic phase. This 
might be achieved through a surface capping technique. 
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